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PREFACE. 



Is presenting to the public fl neiv elementary work on the Prin- 
ciples of Geometry, it can hardly be necessary to defend the 
having made Euclid's Elements the basis of the work; for while 
it cannot be denied that many grave faults exist oven in the best 
translations, and that, owing to the advances made in mathe- 
matical science since Euclid's day, the demonstrations of many 
important theorems arc wanting in the Elements; it must, on the 
other baud, be acknowledge 1 tliar. nu withstanding the numerous 
attempts which have been made by our best modern geometers to 
suporscdo it, tho Elements has ever held the chief place in all our 
universities and colleges. 

In tho present edition the test of Dr. Simson has been princi- 
pally followed, but occasionally preference has been given to that of 
Elrington ; the whole has, however, been entirely rewritten, and it is 
hoped that, in the attempt to render it less verbose, it will not ho 
found that the chain of proof has been in any case weakened. 
Considerable pains havo been taken to distinguish the various 
parts of the propositions by the adoption of differences in the 
type; and the references have been grouped in tables under the 
diagrams, in order to show at sight upon which preceding theorems 
the truth of each depends. 

In the explanatory notes which havo been appended it will he 
found that many additional propositions have been added, and 
that in several instances other demonstrations havo been given. 

In the second book it has been endeavoured to point out tho 
relative connection of Geometry and Algebra, and to illustrate by 
the former the theory of quadratic equations. 

In order to removo one of the most practical ul:jeeti'.>i:s w:i;i:!i 
have been urged against the Elements, namely, its want of me- 
thodical arrangement, a classified index has been appended, by 
a 2 
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means of which the theorems relating to any particular subject 
may bo immediately found. 

la conclusion it must not be omitted to mention the works 
which have been principally consulted, and to which the present 
edition must be considered as mainly indebted for any advantages 
which it may possess. These have been the various editions of 
the Elements by Simson, Elrington, Tacquet, Barrow, De Chalcs, 
Xardner, Potts, Byrne, Playfair, and Thomson, Leslie's Elements 
of Geometry, Wright's Self- examinations in Euclid, Cresswell's 
Treatise on Geometry, Bonnycastle's Elements of Geometry, tho 
volume on Geometry in the Library of Useful Knowledge, and a 
most valuable paper by Professor Be Morgan in the Companion to 
the British Almanac, entitled "Short Supplementary Remarks on 
the First Six Books of Euclid's Elements." 

H. L. 

0, Did-e Street, Adelphi, 
February 25, 1853. 



INTRODUCTION. 



TiiB object of Geometry is to investigate and deduce by strict 
Logic those relations and properties of space and figure which 
they possess, irrespective of any properties of a physical nature. 
The whole science of Geometry is based upon certain simple and 
self-evident truths, from which, by a continuous chain of reasoning, 
conducted strictly in accordance with the rules of logic, the moat 
important and complicated relations of space and figure are 
deduced and demonstrated. It is the only science in which 
hypotheses and theories are unknown, to which experiment and 
experience have rendered no aid, and whose conclusions are 
certain and immutable. However much the rules of logic may 
;i!;;ist in obtaining true conclusions in the investigations of ex- 
erimental science, it is only in those of Geometry that its laws 
are never departed from. 

It is therefore evident that the student of Geometry should ho 
nerfectly acquainted with formal logic ; and we shall give a brief 
outline. of tnut science before proceeding to the more immediate 
object of this work. Much discussion has taken place amongst 
writers on logic as to the scope of the science; some contending 
that logic includes in its object all the operations of the human 
understanding necessary to the pursuit of truth ; while others 
would limit it merely to a collection of general rules, by means of 
which true conclusions may infallibly be derived from true 
premises. For our present purpose it will suffice- to treat the 
subject in its more limited sense, without entering into the con- 
sideration of questions which the first-named writers consider as 
belonging rather to metaphysics than logic. 

The object of reasoning is to extend our knowledge ; to enable 
us, from certain known facts, to derive others of a more general 
nature; from premises whose truth is evident and acknowledged, 
to demonstrate the truth of conclusions not in themselves self- 
evident, and frequently such as, without such proof, would have 
been regarded as false. In every process of reasoning there arc 
two distinct points to be attended to, namely — 

1st. That the propositions employed as premises are not am- 
biguous, arc correctly understood, and are true. 

2nd. That the steps by which a conclusion is drawn from those 
premises are true. 
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The subject therefore ranges itself properly under two heads; 
namely, first, an examination into the nature and meaning of 
propositions, or those premises upon which our reasoning is to be 
founded; and secondly, an investigation into the mode or form 
of reasoning to be adopted, that the conclusions drawn may be as 
true as the premises. 

A proposition may be defined to be "An assertion, affirming or 
denying something;" and, as Mills has justly remarked, " what- 
ever can be an object of belief, or even of disbelief, must, when 
put into words, assume the form of a proposition;" so that we can 
never make an assertion, or even hazard a conjecture, without 
expressing one or more propositions. Now it will bo found that 
the simplest form in which a proposition can exist is the bare 
statement of the possession of some property, quality, or circum- 
stance, by something. Two objects must be concerned ; the some- 
thing which is the subject of discourse, and the something which 
is asserted in relation to it ; aud the proposition is nothing more 
than the statement of their relative connection. Thus every 
proposition consists of three parts ; namely, 1st, the something of 
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pleasure to serve for a mark, which may raise in our mind a 
thought like to some thought which we bad before, and which 
being pronounced to others, may he to them a 6ign of what 
thought the speaker had before in his mind." This definition not 
only states very precisely what a name is, but shows its uso and 
object, which is simply to suggest to the minds of the speaker 
and hearer the idea to which it had been attached by the common 
consent of both. It is therefore evident, that if any word has 
more than one meaning attached to it, or s, meaning unknown to 
the person who hears it, no curtain in inn nation can be conveyed 
to his mind by that word, and it will fail to raise up any certain 
definite thought or idea; whereas, on the other hand, if that 
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■word has already been identified in his mind with some one single 
definite object, the mention of the word will suffice to recall that 
object, and with certainty inform him of what it is that we 
speak. 

In precise language, therefore, to avoid ambiguity, only one 
term should be used to express the same idea, and only one idea 
should be comprehended under the same term; and further, the 
precise idea to which the term was attached should be distinctly 
and positively defined. Now, the definition of a term is the ex- 
planation of the meaning of that term, expressed by other terms 
which are already understood, and not synonymous with the term 
to bo defined. 

There are two kinds of ideas, namely, simple and complex; the 
first are those which exist in the mind single and independent of 
every other idea, and can only be expressed by naming the term 
employed to denote them ; such are some of the terms employed 
in Geometry, an point, space, &c. : the second are such as result 
from the combination or comparison of two or more simple ideas, 
and can be expressed in either of two ways, namely, firstly, by 
naming the term expressing them, or, secondly, by expressing, in 
the proper terms, the manner in which the complex idea is formed 
from other simple ideas ; that is, in other words, by defining the 
complex idea. 

The simplest form in which a definition can be expressed is, a 
statement of the class to which the term to be defined belongs, 
and of that property which distinguishes it from every other of 
that class ; the first is called the genus, and the second the 
differentia of the definition. For example, the definition of a 
parallelogram, given at page 5, is as follows A parallelo- 
gram is a quadrilateral figure, u-ha.ni c>j,po?i(t: sidrs are parallel 
here the genua or class lo which a parallelogram belongs is that 
of quadrilateral figures, and the differentia or peculiar property 
which distinguishes a parallelogram from every other quadri- 
lateral figuro is, that its opposite sides are parallel. In the defi- 
nitions throughout this work, the thing to be defined, the genus, 
and the difterintia, arc ail distinguished by a difference of type ; 
thus the thing to be defined is printed in small capitals, the 
genus in Roman, and the differentia in Italics. 

Now, the genus and differentia must each involve a distinct 
idea, and since every simple idea is entirely independent of every 
other idea, it is evidently impossible (<> define it logically - lieucc 
(as is stated at page I) it is that no logical definition can be given 
of such things as &poiut, line, or surface. 

The thing to be defined can only belong to one class, but it 
may be distinguished from every other in that class by more than 
one property peculiar to itself. Hence, in the definition of a term, 
there can be but one genus, but there may be several differentite. 
It would not, however, bo necessary to state more than one 
differentia in order to give a correct and sufficient logical defini- 
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tion. And in ' the mathematics, especially, only one differentia 
should be stated in the definition, and that one should he the 
easiest to be expressed and understood ; it.: other diiferentia; (or 
peculiar properties) should be afterwards shown, by logical deduc- 
tions founded on the previous definition and some other admitted 
truths, to belong to the thing defined. 

When, in the definition of a term, move than one peculiar pro- 
perly or 'diit'erentia is slated, it ceases then to be a logical defini- 
tion, and becomes a description. The object of a description is to 
convey to the mind a complete notion of everything included in 
the complex idea described, so that the mind may perceive or 
take in, at one view, the whole complex idea in its full extent and 
generality; that is, may perceive, at one time, every other idea 
which it is meant to include. While, on the other hand, the 
object of a definition is rather to limit the mental perception, and 
fix it upon some one peculiar property or differentia, and to none 
other; to cnabie the mind with certainty to separate that idea 
from every other, and view it distinctly with reference to any one 
(but only on. ) of its distinguishing features. 

By thus attending to the precise meaning of the terms em- 
ployed in the subject and predicate of 'our propositions, we are 
enabled to fulfil tho first requirement which we laid down as ne- 
cessary to the attainment of a true conclusion, namely, " that the 
pvoTiusiti'iiis employed as premises are not ambiguous, arc cor- 
rectly understood, and are true." 

We have said that every assertion involves a proposition, but it 
is seldom that the propositions so involved aro explicitly Ptatcd in * 
Such a form as to enable lis to distinguish at once the subject, 
predicate, and copula. Whatever the form, however, of the origi- 
nal proposition, it may always ho so expressed that the subject 
and predicate shall be separated by the copula, which latter may 
ii'v,a v s In; reduced to [he present, tense i.i' the substantive-verb TO 
he, namely, either " is " or " is not," " are " or " are not." Thus if 
the original proposition were, " I have learned geometry," it 
might be reduced' to the form -'Geometry IB a science which I have 
learned; " or if it were " Proficiency in mathematics can only he 
attained by long ;-t;niy," it might be rtduecd to ''Proficiency in 
mathematics is only to he attained by long study.'" In these 
examples the subject u- distinguished by being printed in Roman, 
the copula by htiti;;- iv: final: e.-iitnls, and the predicate by being 
in Italics, ami this mode of disi inguishing the several parts of 
every proposition will be used in the following pages. 

As regards tho truf.li or falsity of a proposition, logic has no moro 
to do than to see thai t.lie term oi employed in its subject and pieilieate 
are distinctly defined in meaning, so that the assertion made may be 
ek\ii iv and correctly understooel ; whether the assertion so made 
be true or false, it is not the province of logic to inquire, but of 
that particular branch of science or knowledge to which the sub- 
ject of the proposition relates or belongs. In tho propositions 
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which we shall employ in the following pages, to explain, their 
use in logical reasoning, we shall therelon; Mii >(ituie letters as 
symbols, to represent the subject and predicate. Thus, if we put 
the letter W to represent the science of geometry and distinguish 
all the sciences which I have learned by the letter Y, the above 
proposition, " Geometry is a science which 1 have learned" may 
bo expressed by " W is and if X be made to stand for " Pro- 
ficiency in mathematics,"' and Z for "anything which is only to 
bo attained by long study," the second proposition may be more 
briefly expressed by "X IS 2." 

Propositions regarded as sentences may bo divided according to 
their grammatical structure into categorical and htnmtlfticn! ; a 
categorical proposition makes a simple assertion, as " Every square 
IS a /xtralleloqram ;" an hypothetical proposition may be either 
conditional, that is, when the assertion is made under a condition, 
as, " If a triangle is equilateral, it is equiangular," or disjunctive ; 
that is, when the assertion involves an alternative, as, " A right- 
angled triangle must be either isosceles or scalene." It should 
be observed, that most of the theorems in Euclid are in the form 
of contUiitiiad hi/fothctiinl f/niposit'i'<ii!.i. 

Again, as it is the essential quality of an assertion to affirm or 
deny, propositions are divided according to their quality into 
affirmative and negative; thus, "The opposite sides of a square 
A HE equal to each other," is an affirmative proposition, and " One 
side of a triangle is sot equal to the aum of the other two" is a. 
' nepatizi proposition. 

The third division of propositions is according to their quantity 
into universal and particular. A proposition is said to be univer- 
sal when the predicate refers to the whole of the subject, as, 
"Every equiangular triangle is equilateral;" here the quality of 
being equilateral is predicated of the whole of the class of equi- 
angular triangles ; if, however, the predicate refers only to a por- 
tion of the subject, then the proposition is said to be particular, 
as, "Some triangles a«e isosceles;" hero the property of being 
isosceles is only predicated of certain particular triangles in- 
cluded in the terra some, and there may be other triangles of 
which that property could not be predicated. 

The following table exhibits at one view the threefold division 
explained above, and affords an example of each kind of pro- 
position : — 

propositions, 
Considered as sentences*, may he divided into : — 
J Categorical as X IS 7. 

* This is s:iid to be a division of froposiiioiii according to tlieir sub- 
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According to quality, may be divided into : — 

/Affirmative X is F. 

(Negative <wX is kot J". 

And according to quantity, may be divided into : — 

f Universal as Kvcrj X IS J". 

^Particular as Some Xs are Ys. 

As every proposition must be either affirmative or negative, and 
also either universal or particular, with the same subject and pre- 
dicate foui Jitfererit propositions may be framed, which, for con- 
venience, are distinguished by the four, vowels, A, E, I, and 0 ; 
the following table euumerates them, and gives an example of 
each :— 

A Universal Affirmative . . Every X is Y. 

E Universal Negative . . . No X IS Y. 

I Particular Affirmative . . Some Xs are Ys. 

0 Particular Negative . . . Some Xs are not Ys. 
When the terms of a proposition, that is, the subject or predi- 
cate, include or relate to everything which can be referred to by 
such terms, they are said to be distributed, and if the contrary, 
non-distributed; thus in the proposition, "Kveryruan IS Tnorkd" 
the subject, "every man." is said to Lo iiisnibi'.tcil. because il.ts 
quality of mortality is asserted to belong to ri/thing to which 
the name of man can be applied; but the predicate, "mortal," is 
not distributed, because the proposition does not make any asser- 
tion with regard to everything that can be called mortal. The 
distribution of the subject depends upon the qvmitity of tho pro- 
position ; in a universal proposition the subject is always distri- 
buted, but never in a particular one; thus in the universal 
affirmative proposition, " Every X is I'," or the universal negative," 
No X is Y" the subject i:i distributed, because the assertion is iu 
each case made of everything to which the symbol X can be ap- 
plied; whereas in the particular affirmative proposition, "Some 
Xs are Ys" or the particular negative, " Some AS ABB SOX Ys" 
the subject is not distributed, because the assertiuus are only made 
of a portion, — some, — of the Slinga to which the symbol X refers. 
The distribution of the pirdici'te depends upon the quality of the 
proposition, the predicate bein^ always distributed in a negative 
proposition, and never in an affirmative one; thus in the uni- 
versal negative proposition, " No X is Y" or the particular nega- 
tive, "Some Xs a be not Ys," the predicate is distributed, because 
the assertion made is of everything which can be represented by 
the symbol Y ; and in the universal altirnutivc proposition, 
"Every X is Y," or the particular affirmative, " lx>me Xs are Ys," 
the predicate is not distributed, because no assertion is made of 
the whole of the class which the symbol Y represents. 

When two propositions which have the same subject and predi- 
cate differ in quality or quantity, or both, they are said to be 
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opposed to each other. If they differ in both quality and quan- 
tity they are called contradictories, as 
f A Every X is Y, 
\0 Some Xb are kot Ys. 
Q JE No X rs Y. 
ur \I Some Xs ARE Ys. 
If two universal propositions differ in quality they arc called 
Contraries, as 

(A Every X is I*. 
\ E N ° ^ iB Y - 
If two particular propositions differ in quality they are called 



If two proportions agree in quality hut differ In quantity, they 
are called subalterns, hut they are not actually opposed to cacil 
other, as 

(A Every X is Y. 
\l Some Xs are Ys. 
n f E No X is Y. 
Vl \0 Some Xs are kot Ys. 
As regards opposed propositions, it may be observed that 
In Contradictories, one must be true and the other false. 
In Contraries, both may be false, but they cannot both be true. 
And in Subcontraries, both may be true, Wt they cannot 
both be false. 

The following scheme will exhibit at one view the various kinds 
of opposition alluded to above :— 

Every X is Y. No X rs Y. 
A. contraries E. 




\ 



0. 

e Xs ARE KOT Ti. 
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The conversion of a proposition is the changing the relative 
ositions of the subject and prudicate, so that the predicate may 
ccome the subject, and the subject the predicate of the new pre- 
position: and propositions thus related, namely, having the sub- 
ject of one the predicate of the other, and vice versa, are called 
converse propositions, thus, " Every equiangular triangle is equila- 
teral," and "Every equilateral triangle is equiangular" are con- 
verse propositions. When the truth of the converse is implied by 
that of the original proposition, the conversion is said to be illa- 
tive, but this is only the case under certain circumstances, namely, 
when the subject and predicate are prccisolv similar in quantity, 
or, in other words, are criually distributed, being cither both uni- 
versal or both particular. The following table shows tho distri- 
bution of the subject and predicate in each kind of proposition ; — 



Quality anil Quantity 
of 

Proposition. 


Quantity 
SuLjpct. 


Quantity 
Predicate. 


A, Universal Affirmative . 
E. Universal Negative . 
I. Particular Affirmative . 
0. Parti cular^egative . 


Distributed . . 
Distributed . . 
Not distributed 
Not distributed 


Not distributed. 
Distributed. 
Not distributed. 
Distributed. 



Prom this table it will he seen that in the universal negative 
proposition, and in the particular affirmative, both the subject 
and predicate arc similar in quantity, in the former both being 
universal or distributed, and in the latter both particular or not 
distributed; both these forms of proposition may therefore he illa- 
tively converted, that is to say, if tho truth of a universal 
negative or of a particular affirmative proposition be admitted, 
the truth of its converse is implied and cannot be denied, hi 
regard, however, to the other two sorts of propositions, namely, 
the universal affirmative and the particular negative, since the 
subject and predicate are not equally distributed, they are not 
fflatively convertible, that is to say, the truth of the converse is 
not implied by the truth of the original proposition, and therefore 
cannot be inferred from it, but must be tbe subject of separate proof. 
Thus, in tho Elements, the truth of the converse of the universal 
affirmative proposition, " F.ver.y eijuihit.t-ral trianglu is e'/uiaiiffidar," 
cannot be inferred, but is made the subject of separate proof in 
the next proposition. 

In the conversion of a universal negative or s, particular affirma- 
tive proposition, both the quantity and quality of the proposition 
remain unaltered ; thus, the converse of E gives E, and the con- 
verse of I gives I; and this kind of conversion is called timplc 
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conversion. Although a universal affirmative proposition cannot 
be illatively converted by simple conversion, it may be by a pro- 
cess which is ten ik 1 J cjiiv-:;:-; io.-- /,,:.-■ ;/(y:,'<,':.a>\ imtr.uly, by diminish- 
h-Z its quantity (its quality remainm:; ^ualterC'li so that its 
converse may be only a particular affirmative proposition ; for 
instance, the universal affirmative proposition, "Every Xjb Y" 
may be illatively converted, per accident, into the particular 
affirmative, "Some Ya are 25, the truth of this latter being posi- 
tively ii:i]>]:c:<l I'V (hat of tlio form or ] iri-iiositiori . 

Having thus briefly examined the nature of propositions, we 
must pass on to the second division of the subject, namely, the 
mode or form of reasoning to be adopted, in order that the truth 
of the conclusion may be as certain as that of the propositions 
employed. 

Now there is but one regular form in which an argument can 
be logically stated, and that form is called a syllogism- A syl- 
logism consists of three propositions so related that the truth of 
the last (termed the conclusion) is manifestly established, by ad- 
mitting the truth of the two first (termed the premises). 

In the proposition which is the conclusion of the syllogism, the 
predicate is called the major term and the subject the minor term, 
and these two are termed the extremes. In one of the other propo- 
sitions or premises the major term is compared with some other 
term called the middle term, and this proposition is called the 
major premus ; in the other proposition the minor term ia com- 
pared with the same middle term, and this is called the minor 
•premiss. Now in both the premises the middle term may be 
either the subject or predicate, and hence arises what is termed 
the difference in t\\c figure of the syllogism. 

In the first figure the middle term is the subject of the major 
premiss and the predicate of the minor, for example* : 

Mii jor Premiss] Every (plane figure) is hounded by lines. 
Minor Premiss] Every triangle is a (plane figure), 
therefore 

[Conclusion] Every triangle is bounded by lines. 

In the second fig-ure the middle term is the predicate of both 
the premises, as in the following example : — 

Major Premiss] No circle 13 (bounded by straight lines). 
Minor Premiss] Every square is (lounded by straight lines), 

therefore 
[Conclusion] No square is a circle. 

In the third figure the middle term is the subject in both pre- 
mises, aa in the syllogism — 

* In nil these examples the luiiliilo term is [■nclofoil i-i pni-™Hie=cs. 

b 2 
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Major Premiss] Every (square) is a parallelogram. 
Minor Premiss] Every (square) is an equilateral figure, 
therefore 

[Conclusion] Some equilateral figures ark parallelograms. 

In the fourth figure the middle term is the predicate of the 
major premiss and the subject of the minor, as for example, 

Major Premiss] Every triangle is a (plane figure). 
Minor Premiss] Every (plane figure) is bounded by lines, 
therefore 

[Conclusion] Some figures bounded by lines are triangles. 

A syllogism consisting of three propositions, and there being 
four difi'erent kinds of propositions, it may be shown by the laws 
of combination that G4 different syllogisms (or Moods, as they are 
termed), may he formed with the 6ame terms ; thus, the major pre- 
miss may bo either A, E, I, or 0, and each of these may have any 
one again for its minor premiss, which gives 16 varieties, and each 
of these again may have any one of the four for its conclusion, 
giving in all 64 combinations. 

There are, however, certain general rules or axioms relative to 
syllogisms, which cxcludo 53 of those combinations, and leave 
only 11 moods of the syllogism which can bo legitimately em- 
ployed in argument. And there are further special rules applying 
only to certain figures which exclude even some of these moods 
from being used in those figures, so that there are really only 19 
legitimate modes of the syllogism. The axioms relating to syllo- 
gisms arc as follows : — 

1. If two terms agree with one and the same third, they agree 
with each other. 

2. If of two terms, one agrees and the other disagrees with one 
and the same third, those two terms disagree with each other. 

3. If neither of two terms agree with the third, those two 
terms may either agree or disagree with each other. 

From these axioms six general rules are deduced ; we shall hero 
only state the rules, since want of space will prevent our entering 
into their proof. 

1. The middle term mv.'t not be r'b-n twice particularly. 

2. The extremes must not be taken more universally in the conclxt- 
u'on than in t/ie premises. 

3. From two negative premises no arnduzion can be drawn. 

4. A negative conclusion cannot follow from, two affirmative pre- 
mises. 

5. If me of the premises le negative, the conclusion must be nega- 
tive; and if one of the premises be particular, the conclusion must be 
particular. 

6. From two particular premises no conclusion can be drawn. 
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The special rules in the first figure are two; namely — 

1. The minor premiss must le affirmative. 

2. TJie major premiss 'must le universal. 

In the second figure the following rules apply: — 

1. One of the premises must be negative. 

2. T/ie major prcinis-; rt'.ud be aitieerml. 

In the third figure the special rules are— 

1. The minor premiss must be affirmative, 

2. Hce conclusion must le particular. • 
In the fourth figure there are three special rules ; namely — 

1. If the major premiss lie affirmative. ,'/>,' minor mvM be universal. 

2. If the minor premiss he affirmative, the conclusion must be 
particular. 

3. If either of the premises be negative, the major must be universal. 
By the application of these rules, the legitimate moods are 

reduced to six inuach figure, or twenty -four in all; and of these 
five are rejected as useless, because they give only a particular con- 
clusion when a universal one might have been drawn from the 
premises. 

la order to impress upon the memory the nineteen allowable 
moods of the syllogism, logicians have contrived the following 
mnemonic lines, in which the three vowels denote the quantity 
and quality of the major premiss, the minor premiss, and the con- 
clusion respectively. The consonants have also a meaning, which 
will bo presently shown. 

Fig. 1. Barbara, celarent, darii, leriaque prioris. 

Fig. 2. Cesare, camestves, I'estino. buroko, seciindcr,. 

■p- 3 / Tenia, rlarapti, rtisamis, datisi,felapton,bol£ardo,feriso, 

s- ' \ kabet; ouarla insuper addlt. 
Fig. 4. Bramantip, camoncs, diniaris, fesapo, fresison. 
By way of illustration we shall give an example in each figure. 
Bar Every (plane figure) is bounded by lines; 
ba Every triangle i* (a phrne figure); 
ra therefore ; Every triangle "is bounded by lines. 
Ces No circle is (loumJed by utririyht lines)-, 
a Every square is {bounded by straight lines); 
re therefore; No square is a circle. ' 
Da. Every (square) is a parallelogram ; 
rap Every (square) is an equilateral figure; 
ti therefore; Some equilateral figures abb parallelograms. 
Bram Every triangle is a (plaiie figure); 

an Every (plane figure) is bounded by lines; 

tip therefore; Some figures bounded by lines abb triangles. 
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The doctrine of the syllogism may also be derived from the 
ma. x iin of Aristotle, termed " did tin:. <!■: tiYiuii // aai/o,'' ami which 
may be express ml as follows; iisindy, v-!<t!ntv miy be universally 
affirmed or deal':! <>j 'an;/ v/nivm-.d u,-m, nut// '■<■ nffirmed or denied of 
everything contained under it. Now it is only to moods in the first 
figure that this [>rIiLci[jf c c;iel be directly and at once applied, and 
therefore this figure has been termed perfect, and the other figures 
which, require to be reduced to the first before they can be com- 
pared with the dictum ;irc termed imperfect. 

The redv.ctin;;. cf :i Fyilu^isiu ci tbet votive or ad inipossibile. 
Ortentive redi>,i:(io,i consist? in obtaining in the first figure either 
the same conclusion, or one idativciy eorivevtiide into the siimn 
conclusion, by either transposing the premises of the original 
proposition so that the major may become the minor, and vice 
versa, or illative/// convtrtiiig its premises. Reduction dd impos&ibile 
consists in subst inning for the origin: J conclusion its contradictory, 
and framing a neiv syllogism in the first figure, having for its pre- 
mises this contradictory :in..] one of (lie ori.irirml premises, and fur 
its conclusion the contradictory of the other original premiss. 

As an example of the first mode of reduction, let ua take the 
following syllogism in Cesare:— 

Ces No circle is a {figure bo»>;d'-d !■// stsahiht lines); 
a Every square is a (figure bounded by straight lines); 
re therefore ; No square is a circle. 
And by the simple conversion of the major premiss, wo obtain a 
syllogism in Celarent with the same conclusion ; namely — 
Co No (figure bounded by straight lines) is a circle; 
la. Kvery square !.- " {/';/;■• « ho'.'iidi-d by Amiyld lines); 
rent therefore; No square is a circle. 

Again, the following syllogism in Bramantip; namely — 
Bram Every triangle is a (plane figure); 

an Every (plane figinv) is UnuidM by lines; 
tip therefore; Some figures bounded by lines are triangles, 
may bo reduced to one in Barbara with a universal conclusion by 
transposing the premises, thus — 

Bar Every (plane figure) is boundedby lines; 
ba Every triangle is a (plane figure); 
ra therefore ; livery triangle is bounded by lines; 
from the conclusion of which, by conversion per accidens, we obtain 
the conclusion of the original syllogism. 

As an example of the reductio ad imposs&iU, we will take the 
following syllogism in Baroko. 

Ba Every triangle is a (plane figure); 
rok Some cubes are hot (plane figures); 
o therefore ; Some cubes are hot triangles. 
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Then if this conclusion is false, its contradictory must be true ; 
namely — 

Every cube is a triangle. 

And substituting this for the minor premisSj we obtain the fol- 
lowing syllogism in Barbara. 

Bar Every (triangle) is a jilme fynrt ; 
ba Every cube is a {triangle); 
ra therefore; Every cube is aplane figure. 

But as this conclusion the contradict nry to the minor premiss of 
the original syllogism, it must be false; and since it has been cor- 
rectly proved iryju the premises, one of liiuso premises must be false ; 
but the major premiss is true, therefore it is the minor which is false ; 
and since it is the contradictory to the conclusion of the original 
syllogism, that conclusion is true. This mode of argument is 
termed the redvetic ad a&mrdum, and is very frequently employed 
by Euclid, particularly in the demonstration of propositions from 
their converse. 

By examining the names given to the modes, it will he observed 
that their initial letters are cither B, C, D, or F, and these letters 
indicate to which of the modes in the first figure any of the modes 
in one of the Other figures is to be reduced. Thus Cesare in the 
second figure is to be reduced to Celaient in the first, and Brani- 
antip in the fourth to Barbara in the first figure. The letters 
t or p following a vowel imply that the proposition denoted by it 
is to be converted, if s, sii. <////, but if p, per accident; and the 
letter »i signifies that the premises are tu be tr'tii.yiomd. The letter 
h after a vowel signifies that tho proposition which it denotes is 
to be omitted, and tho contradictory of the conclusion substituted 
for it, it being in fact the sign of the redtielio ad impossibile. 

Our limited space will not allow of our entering upon tho subject 
of hypothetical and disjmictive syllogisms, or the very important 
one of fallacies. We must therefore conclude the foregoing brief 
sketch of logic with an example of one of the propositions in 
Euclid, formally demonstrated in syllogisms. 



PROPOSITION XXXVI. 

Hypothesis. — If parallelograms (ABCD and * — n : r — v 

EFGII) are upon equal bases and between \ \y ! y 

the same parallels, I A y j 

Consequexce. — They are equal to one another |..-' l /l i 



n area. 

;strcctios. — Draw BE and CII. 
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Demonstration. 

Syllogism 1. 

Da, (Things which arc equal to the same) are equal to one an- 
otlter. [Ax. 1.] 

ri The straight iiiics I'.O :itnl Kil ark ff<«<7 (As s.y.,?,: FC. 

[Dypotb. and I. 34j 
i Therefore ; The Hnes BC and EH arh equal to one another. 

Syllogism 2. 

Pa (Straight lines which jiin i. ; ie adjacent extremities <"T tv.- 
equal and parallel straight lines) ahi: l/ui.-iseiv.s cr.'.al ' 
parallel. [L 33.J 

ri BE and Oil are (sH-ti'.'ht line.-: which join the adjacent extre- 
mities of two equal [syl. 1] and parallel straight lines}. 

i Therefore; BE and CH are themselves equal and parallel. 

Syllogism 3. 

Da (Parallelograms which are upon the same base and between 
the same para'.luls) Aim &/>!;'■'■ in '<rc. | 1. :!">.] 
ri ABCD and EBCII are (parallelograms which are upon the 
same h'tsa and. hiirrai the w <,■,.( h"m l J.e's.) [UTpolh. ;u\i 
syl. 2.] 

i Therefore ABCD and EBCII are (yuttZ in area. 

Syllogism 4. 

Similar to syl. 3j proving that EFGH and EBCH ari equal in area. 
Syllogism 5. 

Da (Things which arc equal to the same) abe equal to one any- 
Other. [Ax. 1.] 

ri ABCD and VA'dll are (■-q-.'M in area to the Fame KBCII.) 
[SyI.3and-4.] 

» Therefore ABCD and EFGH are equal in area to one another. 

The foregoing will sufficiently illustrate the manner in which 
the propositions of Euclid may be expressed in Formal syllogisms, 
and we should recommend to the student the practice of throwing 
the more difficult demon stratious into the syllogistic form, as a, 
very useful and beneficial exercise both in logic and geometry. 
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THE 

ELEMENTS OF EUCLID. 



; ■ BOOK I. 

DEFINITIONS. 

1. A Point ia tliat which denotes position, without possessing any 
magnitude. 

2. A Like is a magnitude, having only one dimension, U,, length. 
Corollary. The extremities of .1 line are points, and the intersection 

of one liuo wilh niiolin-r is a point. ■ 

K Vhouvm. VHI..1. a hue U r.-it at any l*:.it. tI-> I':;:.!;- 01 Hie lme latter, 
that point !uidit.5 ox-.i-Ciiiicir.- :r l; li'-in^ ,^.7 '■■-.■'if.-. "Hon t he pomtot ac- 
tion (C) lies between the two e:^reiim[.; = (A and B) £ j ^ 

of tin: lino, (in; two j.o-tioiis into which the line is 

(livi.-.til (AO anil CIO aiv U-nn-d ^'1 <"<■<!. Hf.w-vA~,. 

But when Hint 1 u:nt(i ; )i:.-- in tin' [iro uiul; .no: t!is b 1. v 

Jin.: Sievond its e^iv.nity, tin: lii-:;::"":' from tliO 

point (!') to each extremity (I'D ami Kli) nr.: termed <M:,'<?nm( segments. 

3. A Straight Lihe is a line tc&fcft (j« ewiity (iA, in the same 
direct ton) be! awn Us extreme points. 

4. A Cueted Line is a line which continually changes its direction. 
Sciioi.ibm. Whenever the word 1! liiie" alone i.- n;cd throughout this work, 

it must be taken lo mean a straight tine. 

5. A Surface is a magnitude, having only two dimensions, i.e., 
length and breadth. 

Corollary. The extremities of a surface arc linos, and the intersection 
of inn: Mivl'.ici: with ;i r. 1 1"- j 1 u i- :.; ;\ li;:e. 

6. A Plane Surface, or a Pla:;e, ia a surface which lies evenly 
leticeen its extremities. 

Scholium: The terms point, line, and surface, belong to the class of 
simple terms, that is to sav, thev are tho names iiivuii to *f>/i;jie ideas, by 
means of which those ideas me iMiivoved JV-:-iii <n.e mind to another, and 
rou^rqun-.tly (:«r ihc iva.H;a:i ?;a:od rit J- u-.t :i i.i :'■!- i;r.;-ui[uetiou) cannot 
l.e logically delhicd. There niiist always nece-sai-ily be a certain nmount 
01' .liiik-nhv in cixiY.niiiif, :'<>'.' tiii'- iirst ::me. a .-i ik:; :Yom one mind to 
ano'.lier r. i':ii infect aceu-nev. t/;; ;-ie idea having I ."..'11 once accurately 
conveyed, and a^'jei:ilod wiili a oeHaiti n;iin. ', can at any future time ba 
readily recalled to our mind by tho mention 01 that name alone. The firrt 
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to him that the physical point invoked two ide;;s, qhlmu' position mid one 
of magnitude; ami further, that less t!ic magnitude was supposed to 
become (or, in ordinary terms, the line: - we supposed the point to bo), the 
more precise and definite v,-»uhl h"ei.me tin; pi'sitiou which the point occu- 
pies, and serves to mark <-r identity; and vvc should thus lead him, by the 
gradual abstraction of tho idea of tin: magnitude of the point, to look upon 
it as infinitely small, -and oi.lv to associate with it the idea of its position; 
and thus he v.v:i;!d , ■;■:,]■..:■■ :m/.-i rf a ma:hema::ca: point. I:i iiko manner, 
with, a mathematical line, wo should first present to him a line suuh as a 
pencil would trace on a sheet of paper, ami direct his attention to the fact 
thai the line so drawn iv«s in reality a .=f>:k; or magnitude h/ivii::- three 
dimensions, namely length, lacaillh, and thickness, the Ireaeih ami thickness 
of tho black lead left by the pencil on the surface of tho paper, and which 
constitutes the physical line presented to tin: eye. We should then point 
out the extreme minuteness of tin; two last i: i n [fusions of the lino as com- 
pared ivith L i -j- lon_ith. run.: ad; hi. i to C'liiocivi- tic jc . Imiensioas as hoeomiuc 
■ ■■■ ' until the idea of the li " : 



precise and limited sense in which (he words ars ased In tho fol lowing work, 
and so avoid the ambieuiity which would arise i:' employed with the same 
latitude as in ordinary conversation. They show, for example, that the only 
quality of a point rceorrmscd ia rroometry is its ro itiont of a lino, its dixec- 

7. Parallel Straight Lises are straight 

iinea in the same, plane, v:hich, b<:i:v/ produced 

to any extent in both direction*, wo aid never meet. 

8. A Rectilineal Akgle is a, magnitude formed hj the inclina- 
tion (i.e., opening or divergence) of two straight lines to one another, 
which meet in a point. 

Siai.n.iuM. Wo have here aimed an am;',- ho a mnyi; itr.de, ami w: 
are anxious to impress tiie idea of its 1 elii" .-o on the mind of tho mathe- 
matical student, i'.s'it will it.ateLi.illy assist his proness. when pursuing his 
similes in the hichcr hnmehes of analysis, in conccivine, however, an 
angle ns a magnitude, t'cnr.cl ho cut mi n.-t to confound with it the notion 
of tho mrface situated between Hie two lines which form the angle, or to 
look upon its magnitude as in any way aiVer.tod liv the leneth of those Iinea. 
By way of explanation, let lis borrow an illustration from tho hands of a 
clock, and regard tho angle formed hv their center lines. Now at twelve 
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o'clock, xi tlie bands coincide, no angle is formed by them ; but from that 
moment they ceaso to co'mcido. jisi-1 the niagiiitiidn of the angle becomes 
every instant greater as the minute hand moves away IVuiii the other. Now 
at any definite portion of time, sudi, ('■ji- instance, as leu minutes, the hands 
of the clock form an ainde of a cieriarn tl. ;I i ;i ^i; Magnitude, v.diitii U pre- 
cisely tho same whatever may ho thu hmjrtli of tho'r. hands, whether they 
belong to a pocket watch or ton tn 




thaAngularllistanco^'o be°270 Q ,or three-fourths of a U cirele nd And' by^^ma 
ivruniiiiL; riio nia/ni: oae of en an_di; as thu jf.i i.wcof the an;'. Mar ■ a.-taiiee. 
th:;t a I i j i ■_■ lwol.ing al-out oin' <A' ![.- extremities has moved from its normal 
c.r lir.=t position, wo are enabled Co realize the idea of an angle greater even 
than four rijjht angles or ai: entire revolution. We have on ]y to conceive tho 
line as mmanji at a uniform rate, so tha' ;iie nia.;n:i u.;.- of the angle maybe 
estimated by tho length of time that it has been in motion, to sec that, if 
the time exceeded that in which an enrire revolution was performed, tho 
become greater than four right 

... . .... . terval required to complete tm 

ivvohitiun-, that the ao;'h: had bce-jine greater than eiaht ridil amdes, and 
BO forth. 

The point in which tho two lines forming an angle meet is termed tha 
!■',-/(;..-. the tw.. hn-s ;:ic tn-med tin: 
si'ks. Tiic angle referred to by a, letter 
I ■ ] : ? i_- 1 ■ ■ 1 at tin; v.'i-;-x:. it- ;[-.'.■ a;e']e A; luit 
if more than 0110 am-lo is formed at the j^— 
same point, it is then designated by three 
letters, one on each side ami one at tho 
vertex, the latter always beiue placed be- 
tween the others, as tho anglo BCD. 

The angles formed by the sides of mclilhte.-il P.it.v." derive a variety of 
designations according to their relative pn^iueais a:id ma ■.nlvudes, which 
■ft ill be defined in subsequent scholia. 

9. A Riem Ahgle in half the angle, formed hj a straight line 
with its continuation. 

Schoi.icm. _ The line which divides the angle formed 

: I . i ■ ■ i ■ ■ ■ . I ■ ■ .1 ' io I. I 'i 'in- i . . 1 1 1 - 1 r a .Ml. hi :.n.'. 

Tlios the r.ll is pi rp-mlieular to the line AB, and 
tho angles ACD and BCD are both right angles. 

10. An Obtuse Angle is an, angle -which u 
greater than a right angle. 
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11. Ay Acute Angle is an angle which is less than j- 
a rigid angle. 

12. A Plane Fiouee is a piano surface which is bounded on all 
sides by one or more lines. 

Scholium. The bounding line of a plane figure is termed its perimeter, 
nnrt the space which ia contained within the same ia termed the area of the 

13. A Circle is a plane figure bounded by one curved line, which 
is such that all straight lines drawn from it to a certain point within 
t/te figure arc equal. ' 

14. The Circumference of a circle is the curved line by which 
it is bounded. 

15. The Center of a circle is a point within the figure equally 
distant from its circumference. 

16. A Radius of a circle is a straight line drawn from, Vie center 

17. A Diameter of a circle is a straight line 
drawm, through the center and terminated both ways 

Scholium. Thus the curved lino ABCDF ia tho 
dri;„„J,-n.:,i<.-i- of u cbxlt; of which E is tho center, 
V,n a dlmn, ttr, ami Al', a rmii>is. Any portion of the 
ci^um'.W'riiiv, as Al J J. is an a>c of civth': 




the straight 

nr. /•hard; and tiie fi;;r.™ AIM 1 contained by tiic arc 
and its chord is tevn'.ed a sct/miit. The s;jaee eontainod \ 
i'V iiio lives o:" cud -J u.lcmil. ! is te:n)e:l ;i him />-' ~--A 

asGtEL o 1 

18. A Rectilineal Figure is a plane surface, bounded on all 
sides by straight lines. 



19. A Triangle is a rectilineal figure which is bounded by three 
straight lines. 

Scholium. For convenience one of the lines by which a triangle if 
contained is ttMin-d the bi'.ie of Iho t i ll^I c, tliu other two lines being 
termed its side;, and the ]wint in which the two sides meet Is termed the 



20. An Equilateral Tkiakole is a triangle which 
kas three sides equal. 



21, An Isosceles Triangle is a triangle which 
only two sides equal. 



hhas 
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22. A Right-angled Triangle ia a triangle two sides 
of which form a right angle. 

SciloMirv. In a vi::! it- aisled triantde the thini itdc opposite to 
the ri<;h; imi-le is li-rliin: f li«J In/iiotemue; and in any trianidc any 
aido ia said to subtend tlie angle opposite to it; thus the hypotenuse 
subtends the right angle. 

23. An Obtuse- ANGLim Triangle is a triangle tico 
sides of which form an obtuse angle. 



A 



24. An Acute-angled Triaxqle ia a triangle the sides 
of which form three acute angles. 

25. A Quadrilateral Figure is a rectilineal figure which is 
bounded by four straight lines. 

Scholium. A straight line drawn from any two opposite angles of a 
quadrilateral figure is termed a diagonal 

2G. A Parallelogram is a quadrilateral figure whose opposite 
sides are parallel. 

Scholium. If a diagonal AC be drawn to any 
parallelogram ARCD, and lines GH and EF bo 
drawn respectively parallel to two contiguous Fides 
of the sunie, so as to intersect in aomo point K of 
the diagonal, the |;ar;dlil:i ; -f:nn will lie divided into 
four paralldojirams, two of which, AEKH and 
KGCF,are said to Ik- ti'i'iiit the <U<n;cnal, and tho 
olher iw.m.i which, L'flGK nail HKi'-'i), are termed 
the complements of the f 

For brevity parallelog ...... 

placed -it the opposite corners, u? the paralielo.rram E 

27. A Rectakole ia a parallelogram two of whose sides form a 




Si'noi.irsr. :i ivt:t:i!i^!e is o™ t. n . in od ranker four lines, 
two uf which, A I) .■iri'i [SC. in i'i;n:d to :!ie (.-Jut two, Oil and 
AD, it is de.%i;atrd as the rt-::!;iiielc tmr.K- those two lines; 
thus the reetanjde A BCD would Lc termed the reelimjle 
vnder All and VU. 

28. A Square is a quadrilateral figure which has 
all its sides equal, ami two sides of which form, a right 
angle. 

Scholium. As a square in contained hv four equal lines, 
upon either of v, hidi it may be conceived as constructed, it 
ia designated as the square on one of those lines, as the 
square on the line Alt. 



29. A Polycon is 
than four sidet. 

Stnoi.rirM. In any 
the angles formed by it 
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a a rectilineal figure which is bounded by more 

ilincal figure, A1SCDEF, 
rersl siik'S on the imier !> 
■cing shaded, art l-jnut 1 



tv.-o o;ij or-itij c ;>!■;. ALU :ir.J Ui-,Ii, nrf termed 

i-eMicni angles : ivlii!.! t !];■-.■ cu: Lti^uun-, as AKC and (_ 
Ctli, art tchut; i ti'/ysi-ait angles 




When n straight line, as AB, interjects two other 
straight lini's, :ls CD :uid EI'", thn njidrs Ci>H iiml 
(iiiV EiLiiL t.) -n: rtUtwitc laylcs. arc :i!.-u [Kill 
and GIIE. 



POSTULATES. 

Let it be granted: — 

1. That a straight line may be drawn from any point to any 
other point. 

2. That any finite straight line may be extended, or produced, 
to any length. 

3. That a circle may be described, from any center with any 
radius. 

Scitoui:M. A r<;.<tu1/it*H a proHcin the folalionor which is self-evident, 
and therefore rc-miri;:- i;o d,:ni<ii^:i-alj.,n; i: will he observed that they are 
only subsequently employed in the construttiim of theorems or the solution 

' 1 l r i i i i in i,r carry distances. 

'I li'.> i:^]i:;i:i-M'- ii!L-,'i In: c :< ;vo.; a- during v.ht'Mever removed train actual 

contact with the surface of the paper. 
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AXIOMS. 

1. MaguitudeH which are equal to the same are equal to one 
another. 

Scholium. This axiom i? frwjiic-ntly employed in the Elements under 
the form, " Ungnitu'.Ls Mkidi aru to > quiils m u equal to one another." 

2. If equals lie aihleil to crumb, the wlvilcs are equal. 

3. If equals he taken from equals, the remainders are equal. 

4. If equals le n'Med to unequal, t'uo wholes arc unequal. 

5. If equals be. taken from uucquals, the remainders are un- 
equal. 

C. Magnitudes which arc double of the same are equal to one 
another. 

i-e equal to one 
e another are equal to one 

Scholium. The converse of this axio 
elements, namely, " Magnitudes which a 
when similarly placed." 

9. The whole is greater than its part. 

10. Two straight lines cannot enclose a space. 

Scholium. This axiom may be otherwise expressed, namely, "If two 
Straight lines cwwi-lu in (wo points, Lliey coinuiJe when produced." 

11. All right angles are equal to one another. 

Scholium. Ai^Vs l.L-iii- a s;.eciei of u-;i-L:itu'!f, this axiom is a parti- 
cular ease of the Btb, 

.12. Through the same point two straight lines cannot bo drawn 
parallel to the same straight line. 
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EXPLANATORY REMARKS. 

■r-7xi.i1"; mil in cmmcti-v is FOitictliir.s tilher proposed to be solved or 
i; and is consequently divided into two kinds, a problem or a 

'i-nhkin profiCJOi souietliiiiL' to hi ibtie; while 'i tiwan makes an 
ion, of which it propoyos to demonstrate tlic truth, 
statement of the tUiti;,' to bo done, or of tlio as'ertinn to bo proved, 
nod tti'j mitnciiitian 01 the propo-iiion. In the following work the 
distinguished by a bolder type. 
The enunciation of a problum mny In; divided into two parts, the data or 
things given, and the >/i:tr.'i<n or tilings sen flit to bo done. The former is 
distinguished hy bi-in.i? pi'hited in italics. 

in like manner the emineb'ion 0 f a theorem mav bo divided into two 
-parts, the %j"f.k'..;.i, imd tin- reii.r- ,/m w, w hich it is to be proved results 
from that hypothesis. The for.isiT is di.-.tm!:uis!Jed dom tin: consequence by 
'being in italics. 

The solution of a problem is the mode in which the mavita aro fonnd, or 
the thing propti'cd to In; done i< amimp'.i-iied, and i- iviivay.- peifim ;l > 1 by 
.... .. 10 other ;.Ti.i;t i;,-s ;he ti\:;!i oi which has been titliur admitted 



ir proved ji: 



e required 



means of which the .if [be so 

theorem nrc undeniably ivtabliihed 

A Jemi™ is n proposition of no i;i 
tho purpose of demonstrating some 

A ( r : a--/ is ■> ;■!■■■] -(.iiiii-r! tho truth o:' which immediate]!' follows from 
that to which it is affixed. 

A scholium is a note or remark appended to any proposition by way of 
explanation or elucidation. 

In the marginal references the f.diowim; .-.bbrovintions are employed:— 

Dcf. 1j' slides tin' loth'deQnUhm. 

I. 31, Equities l!n; "1st proposition of the first book. 
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PROPOSITION L 

PaOBLEM.— To construct an equilateral triangle upon a 
given finite straight line (AB). 

Solution". From the center A, at the ... -S- ^ 

distance AB, rfecri'Se ric eircfc BCD (a), and f f/\ \ 

from the center H, ^ f"^ <i7.,/-,;i« liA. rfe- : V \. \ 

scribe the arch AC11; fl»-i/«J)i *Ae «mh< t ^ "/ 
G, in which the circles cut one another, draw \ \ / / 
the straiahtUnes OA, CB to the points A, B (S) ; 
then ABC will be the triangle required. ( 0 \ p oi t 3. 

Demonstration. It i- evident that the Cg lg . 
triangle ABO ia constructed on the line >A Aj( j 
AB. And it is also equilateral: for, the _ 
lines AC and AB being both. radii of the same circle, BCD are 
equal (c) and the lines AB and CB being hoth radii of the same 
circle ACE are equal ; then, hecause the lines AC and CB are 
both equal to the samo line AB, therefore they are equal to 
each other (d) ; that is, the three sides AB, AC, and CB are 
equal, and the triangle ABC is therefore equilateral. 

Scuouom. In this Prop, the following axiom is tucitly assumed by 
Euclid viz — " Tint :i divh' ■■viiiiSd coiilor i = in tin: circumference of 
■lu'u'iiiVv drd<=, vmA 1« partii- \vithi:i that tirck, and partly without it, 
and therefore,' that those circles must necessaritj cut or intersect each 

PROPOSITION II. 
Problem. — From a given point (A) to draw a straight Hue 
equal to a given finite straight line (BC). 

Solution. From the given point A draw ,. — "jc 
a straight line to either extremity B of the 

given line (a). Upon AB construct an equi- ■' __m. \ 

lateral triangle {/.). From the center B, at I „ D "\ \ 

the distance BC, describe the circle CGI1 (c) ; \ £X.U-^f / 

and produce the straight line DB until it \ ! / 

meets the circumference in G (d). From E " - ^ y 
the center U, the distance DG, <fe*mfc (Ae 

circle GKL (c) ; iwi</ produce the straight r f 
Zirce DA until it meets the circumference in 

L (d). The straight line AL is equal to the (a) Tost. 1. 

given line BC. Skit. 3. 

Demonstration. For the lines DG and U) Post. 2. 

DL being both radii of the same circle, (e) Def. 13 and 16. 
GKL, are equal (e), and if the equals DB 

B 8 
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and DA (f ) he. Uiki-v. from eaeh respectively, ...-j 
the remainders BO and AL are equal (?) ; 
but the lines BC ami HC Loins: I'c.th radii / ' i 

of the BameoiroloGGU, arc equal (e): there- f /'' . 
foio the linos BC ami AL, Loins: hoth equal i L^-Q 

to the eamc line BG, are equal to each '""i 
other (A). T/'.ny'orr, from a given point A, 
a straight line has been drawn equal to a 
given straight line BC. 

SCHOUA. 1. The construction of this problem 
mil ?oiii e»li at v;irv aoenrdim: to the relative posi- 
tions of tlio point A mid the line HC. 

2. In practice t:;!s problem will be solved br (o) Ax. 3. 
mea-nrim: tls.s Inif.tli of the given lino liC with (A) Ax. 1. 
a pair of compasses; and then, applying oho leg 

of tho companion to this point A. the otlior loss will mark the length of the 
iino re jiiisv.l to In 1 'Iraivsi from A. lis s;oiij|]ii:s-y, tmwui er, sucli use c.f the 
compasses is not permitted. The only way En which they may bo employed 
is that allowed in the third posthitis, viz. tu describe a circle whose cir- 
cniofonisioo fiiiiil ] i- t ] i ! -. s-i , :_;] i si. pt, si paisii about seninj other piven point 
as a center. Tho compasse-i must bo supposed to close of themselves 
■whenever removed from the paper, bo that no distance can he carried bv 
means of them. This re-triet<:-! use of ;ho compasses bciiip; borne hi mind 
will enable tho student tu see tho neses^tv of lius three problems in 
this hook. 

PROPOSITION III. 

Problem. — From the greater of two given straight lines 
(AB and C) to cut off a part equal to the less. 

Solution 1 . From either extremity A of the 
greater given lin-j dram a stray/hi' live AD 
equal to the lesser given line C (a). Prom f c j 
the center A, at the distance AD, describe the / 5K I 



o the lesser 

Demonstration, For the lines AD and \ / 
AE being both radii of the same circle '"--....—■* 
DEF are equal (c). But AD and C are 

equal (d); therefore, because AB and C are >?? ,," ; „ 

both oaual to tho nunc lino AD, they U» W oStliimJ 16. 

equal to each other (e); and from AB (Ae ^ Const. 

greater of two given- lines, a part AE Aas (e) As. 1. 
ieen evt off, equal to C the less. 

Sao it.it'M. llv a ; i:i-.i! is- op Tation the. I.^or line oral:! bo extended lo 
equal the greater: thus from either extremity uf tho le.-sei* line let a line he 
drawn equal to (Ik (sivaier, thoti about this -;uuo extremity as a center 
describe a circle with a rniSins e^nal to the sss'cater !iuc ; extend the lesser 
line to meet the circu inference of this circle, and it will equal the greater 
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PROPOSITION IV. 
Theorem. If two triangles (ABC and DEF) have two sides 
of the one respectively equal to two sides of the other (DE and 
DF to AB and AC), and the angles formed by tliose sides also 
equal to one' another (D to A); [I] their bases or third sides 
(EF and BC) will be equal ; [2] and the angles at the bases, 
which are opposite to the equal sides, will he equal (E to B 
and F to C); [3] and the triangles themselves will be equal. 

Drm^stuation. For, if the triangle 
ABC be applied to DEF, so that the 
point A may be on the point D, the 
point Bon the straight fine DE, and 
that AC and DF may lie on the Fame 
Bide; then AB must lie wholly on DE, 
for oiliL'i-.vihe two straight lines would 
enclose a space (a); and because AB is 
equal to DF, the point B must coincide 
with the point E (//). Further, because the angles A and D are 
equal, the side AC must fall upon the 6ido DF ; and because AO 
is equal to DF, the point C must coincide with the point F. 

[ L] Tiioriibrt.', the ]■ >'mi~ II and C cusiK'id^ with the points 
E and F, the I'U.e H'i mu.it eoi,i'-i-/e vilk the h.t-:e Y.V, and he eqwil to 
it (c); for otherwise two straight Hues would euchre a space (u). 

[2.] And as the sides which i'vi'm the an^h.^ I! and 0 coincide 
with the sides which form the angles E and F, those angles tltenv 
selves must coincide, and therefore m ml be equal (c), 

f3.] And as the straight lines which contain the triangle ABO 
coincide with and are equal to the straight lines which contain 
the triangle DIH'\ thcr-.fvrc the triangles thci'.s-le-s must coincide, 
and must therefore be equal (c). 

Scholia. 1. In the nlxive demonstration (at b) an axiom is assumed the 
coiivtrsu of tin; <■: ;h:h avion). i:.u:i ■]/,''■ .Mn.L'iih'.K'.ci iv::iuij i-X etpal coin- 
cide v.ilh one aii'iilii'V wins -iuiilui ^v ;il;ncd." 

2. In every trinn;r!c there r-is r[i :.'Lti r i 7 [■-■.=: or :insnitudi'?, namely, tho 
three sides ami Ihu three iinpk's; and (cxci'|)t in two jartieulav eases) when 
any three of the-e wrr );iv,;]i. Iln-r otlurr chive can he t"<,i!;i.! ami the triangle 
determined. If, tliiTt-lii/c, two ti-m::u"!".; avu IVmcd to a.'Vce in any three of 
tliose quantities bv whieh tl:n I i L : i!:;.d- s are tb lerniined. it is evident thnt 
thoso triangles must be e^ual. The following are tho only six cases which 
can occur.— 

1. The three angles. 
■2. The three sides. 

S. '1 wo fid.-, and tlie ansrli 1 between them. 

4. Two Bides an.! the aia'.'e iippupdte to one of them. 

f>. Two aiial'-'f and the ,-a'v. '-.tween tliem. 

0. Two angles :uid tho sido opposite to oue of them. 



The fourth case is the otlitir one in "hied tin' ti i;!i:;r! - is not determined; 
for it i j qui:: ft po-'iMi- in L.lvi- tv.-o tri in:::, . !i;:vi riy tivo i-idti of the one. 
equal to two sides of the other, and ono of the 
opposite angles of the one equal to tlie similar 
angle of tho other, and \ for thi: triangles them- 
selves nut to be equal. Tims, let AUG be. a triau-le 
in which neither A unr C arc riyht angles and A 
is less than C; then from I! as a center, and tho 
distance liC as radius, deseribe a circle cutting 
AC in D, and ilraiv HIS. Xmv it is evident that, 
in the triangles A1S0 anil Alii), ivo have tho two 

Bides AB and HG equal to the two AM and BD, and the opposite angle A 

the same in both ; and yet the two triangles are not eqnnl. 

■ The fifth and sixth ea-es are demonstrated in tin; twenty-sixth proposition. 

3. Tho application of one ik-ure. to another, so as to prove Or disprove 
their coiuenleii :e. as marie u-e uf in this proji--lii->ir. is termed rupcrpofitioti. 
It has been objected tu by some mathematicians as not being strictly 
geometrical; bin, :.s If r. lie .Vomiti has obsurved, it requires only tho 
admission of the f illmviu;: p.-stulate, That any figure may be removed 
I'roni place to ] [ace without air. 'ration nf form, and a plane jir/urt. may be 
timttl oi-'. r i -n '/<•• ii'imi'." 1 i: j i.- iai'.er po;-:ioi:, pri;;;ea in i Lilies, is required 
for the proof of the fifth proposition. 

4. Tho enunciation of this proposition really includes three distinct 
propositions, whidi have been distinguished by separate numbers. Tho 
demonstration of tho fir.-.t of these is an pxiimplr; of '.he negative or in- 
direct proof termed ■■ Ke'luetio ad Absureiuii,'' v.liioh co:isi=ts ii: :>rovi:ii; a 
proposition by shotting that if it is denied an obvious absurdity follows. 
Concerning this : 1 l ' ■ 1 1 1 . . ■. I nf :.rti. e<-e the I ntrodiictim;. 

:i. The h-:ji: of a triatiLde iv llie third ;d !e of a t!-i:me:'.e a= distinguished 
from tho other two, without auy regard to whether the triangle stands upon 



PROPOSITION V. 

Theorem. — [I] If a triangle (ABC) be 
isosceles, the angles at the base (ABC and 
ACB) are equal to one another; [2] and if 
the equal sides be produced, the angles formed 
by the produced sides and the base below the 
same (CBD and BCE) shall he equal. 

' CossTitccTios. Produce the equal sides AB and 
AC {a), and in the }.,-o.hc>-d } ;r.rt af one of them AB 
take an?/ point F, rind from the other cut of AO 
eqw.d ;o AF {I). Draw a straight line from C to F, 
and from. B to G (c). 
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Demonstration. [2.] In the triangles ACF and 
ABO, tho Bide AO is equal to the side AB (d), the 
side AF to the sido AG (e), and tho angle A is 
common to both; therefore the base CF is equal 
to the base BG. the angle ACF to the angle ABG, 
and the angle F to the anfrlo G (/); then taking 
the equal Hues AC and AB from the equal lines 
id AF, ■' 



lal (j); there 



. the i 



i BO 



(e) Donate. 



CBF, because the side CG is equal to the side BF, 
the aide BG to the side CI 1 ', and the angle G to the 
angle V, the angle BCG must be equal to lite angle 
CBF (/), which arc the any/ft formed hy ilie pro- 
duced sides and the base, below the same. 

[1.] Further in the same triangles the remaining angles must 
be equal, BCF to CBG (/); and "if these equal angles be taken 
from the equal angles ACF and ABG, the remaining angles, ACB 
and ABC, will be eijual (g), which are the angles at the base of tlte 
f/i<Yii triangle. 

Coeoliary. Hence CTcry equilateral triangle is also equi- 
angular; for if each siile lie taken in succor-si (vri lis the base, it may 
bo shown that the angles adjacent to the sido so taken are equal. 

Scholia. 1. This premonition ihjiv uUn ho proved ia 
the following manner: if the triangle ABC bo turned a 

ovnr (in tin: plane (- : eo /ear a mi:i r> to tit..' p II n; pro- 
position), so that tin! poi-itif.n i.f ;he point A mtiy bo 
]];]iiitvti:,l, iviiiks tin: ride All on AC, ihen, since tho 
angle A is the same in both, the side AC must hill en 
All; and beeauso tlie ~iih-i All nitd AC are ''i[Oai (■■■■). tin; 
point C will comciiie with the. point K the point It v.-itli 
C, tho iiud'J AC1I with the an:;h' AM:, and the am.de 
V.CC, W i!li tlio an-;.' l.'ilF; and [ hen! Hire j 1 | [lie at!;Je 
At: It will lie npi/,1 to :ae a;,;;;.: Al;C and ] ^ | the 
an-!-.- l)(.:r; eijiai! <■> :1a, it-:,- r|;l-' (/,). 

2. The enunciation "f this proposition vcilly include* 
two separate prono;i:ioiia which have heen dhtinirui-hed f'i) llvpotl 
by numbers. (fi) Ax. 8. 

PROPOSITION VL 

Theorem.— two angles (B and C) of a triangle (ABC) a 
equal, the sides (AC and AB) opposite to those 
angles are also equal. 

Demohstbatiost. For if AB be not equal to AC, 
one of them is greater than the other; let AB bo 
the greater, from it cut off DB equal to AC the 
less (a), and draw the lino DC. Then in the triangles 
ABC and DBC, because the side AC is equal to the 
side DB, the base BC common to both, and the angle 
ACB equal to tho angle DBC (b), therefore the tri- 
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anglas themselves are equal (c) ; the greater AEG to the lesser 
BBC, which is absurd; therefore neither of the sides AC or AB being 
greater than the other, they are equal. 

CoRou-Anr. Hence every equiangular triangle is also equi- 
lateral, which may he shown, by taking each side in succession as 
the base. 



PROPOSITION VII. 

Theorem. — If two triangles (ABC and ABD) be upon the 
same base (AB) and on the same side of it, they cannot have 
their sitlea which are terminated in one extremity of that base 
equal to one another, and also those which are terminated in 
Ihe other extremity (AC to AD and BC to BD). 

Dbhosstjiatios. If it be possible, let there be two triangles 
on the lino AB ; then must either [1] the vertex of each of the 
triangles be without the other one, or [2] the vertex of one tri- 
angle within the other one. or [3] upon one aide of it. 

[].] Let the vertex of Kiel] triangle he without the 
other one. Draw a straight line from (1 to D, the two 
verticet. Then because in ific triangle BOD the sulci 
BC an<l BD are equal (<i), therefore the angles 1JDC 
and BUlt are equal {!,). Also, because in the triangle 
ACD the sides AC and AD art equal (a), therefore „ 
the angles ADC and ACD are equal (£). Now the ^ jjvpotli 
angle ACD is greater than BCD (c) ; and because (ftj i 5 ' 
ACD and ADC are equal, therefore is ADO also (0) As. 9. 
reater than BCD ; and as BDC is greater than 
DC (c), therefore BDC is greater than BCD; but they have 
already been proved to be equal, which is absurd. 



gra 
AD 
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[2.] Lot the vertex of one triangle bo within tho 
other one. Produce the sides AC and AD, and draw 
a line from C to ]>. Then, because in the trianglo c i 
BCD the sides BC and BD are equal («), therefore A, 
the angles BUC and BUM are equal (A). Alee, he- Ai\ 
cause in the triangle A CD the two iddes AC and AD //Y 
are equal (a), therefore the angles BCD and BDC, on // N 

the other side of the base, are equal (A). Now the L 

angle ECD is greater than the angle BCD (c) ; and . „ 
because FDC and ECD are equal, therefore is 1'DC >£< l'V* 
also greater than BCD : and as BDC is greater than ( c ) Ai'l 
FDC (c), thercforo is BDC greater than BCD; hut 
they have already hcen proved to be equal, which is 
absurd. 

[3.] Let the vertex D of one triangle fall on the 
side AC of the other. Then it is evident that the / 
sides BC and BD are not equal, which, is contrary to J\ 
the hypothesis. /\ 

Therefore in no cn?e can two triangles he upon the / 



•2. TU..' !',irn: of nr:-u:ik-!it :l< ]< <[ <t : -ii ":>y KiVli.l hi 111..; ili-mr -iistrut Foil uf this 
proportion is Hint iir.-mcl :i ili'cmr.in, :wA this is the o:ily iiistimce through- 
out the Elements in whirl, it is employed, 'ihe ar^unxut will also bo seen 
to bo liy the " rcduetie ad absurd uni." 



PROPOSITION VIII. 
Theorem. — If two triangles (ABC and DEF) have ttco sides 
of the one respectively equal to ttco sides of the other (AB and 
AC to DE and DF), and have also their banes equal (BC 
to EF), then the angles (A and D) formed by the equal sides 
are equal. 

Demonstration For if the triangle 
ABC he applied to the triangle DEF, so 
i :[;:'„ L i 1 1_ i i en urj kisi.s mav ivim-idi;. i.lld 
that the two triangles may lie on the 
same side, their equal sides must c."dn- 
cido (a), BA with ED, and CA with. FD, 
and therefore the angles A and D must 
coincide, and he equal to each other (S). 
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Corollary. Hence also the angles opposite tho equal sides are 
equal, B to E and C u r ; anil also the triangles themselves are 

EvTJim.iA. 1. This pro) n-:::nii uir.v be demonstrated 
in the folio win? matincr. without :mV reference to tho 
seventh. Let, the triaujiie AUG be applied to the tri- 
angle VEV, ><> (hut their lcn:s inav coincide, and that 



MIU inu m:uitu.s in: ull Opposite slues ; p.ji I 

vertices DG. Then, h.'oan.e in ihe triangle ])!■,< 
two silica ED and EG arc equal (a), therefore tho ** 
nngles EDG anil IlGDai e c (■'). Aim. because in , , „ . 
the trian-lel)^ tin- Asides I'Dandl'li are equal (<i), \") "VPOth. 
therefore the an-k-: l'liG and t\.l i are e'p.a:: Then W °- 
if tin. crji.iil a.^es MUG !S r,.i 1 '.Gil be ad;l,,l to the 'if ■ 

equal an'-ir. HJG an.l F<iJ>. tne whole andes J-LUK W AX. 1. 
aud EGF "'ill be equal (..■). lli.t tlie ando EGF is 
equal to BAG («), Ihi-iv/mv. the on./ln V.DY <md BAG ore eorniZ (.7). 

2. This proportion is the c,.;; .-.j-fi of proposition iv. when a theorem 
has several h.ypothefes ai.il mn: pre lieate, if anotln r theorem be franu'd 
having one of those hypotheses fur its predicate ami the predicate of tho 
first as one of its hvpothese!, (he two theorems are tho converse of each 
other; aud it if in this sr!i<e that the t-iejith prop >s;ii:.:, is tin' conwese of 
the fourth, as will be immediately seen by expressing them in tho following 

Prop. IV. — If firo sidea are equal, 

»* {£ "» *• - «>-■ 

Prop. VIII.— If (im nrfra ore equal] 
and Me 6a$es are equal,; 



[ then J 



PROPOSITION IX. 

Problem. — To bisect a given rectilineal angle (BAC). 

Solution. Tale any point D in AB, and 
from AC cut of AH fyi»V /<> AD (/,) ; (/raw DE, 
anrf it/'oii (Ae furthest from A construct an 
enuitateral triangle ])KV (M; //<(?«■ a straight 
line drawn from A (o F ici/i iwei (/te an^e 



Demonstration. Because in the triangles 
AFD and AFE, the sides AD and AE are 
equal (c), the aide AF common to both, and 
the base DF equal to the base EF (c) ; there- 
fore tlie angle DAP is equal to the angle 
EAF (d), and the tfivrii rtdiUneal angle BAC 
is bisected by the straight line AP. 

Scholia. I. Tlie direction to construct the equilateral triangle o; . 
ride of DE furthest from A is ;;iveu in order to avoid the possibility of the 
vertex fallinr; on tlie point A. in v-bich easu the line AF could not be drawn. 

2. By a repetition of this problem, an angle may be divided into 
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4^8, 16, &c.,^eqnal parts; that is, into any number of equal parts which can 

a 3 robUm ft ttafh™9°Lffl^ " 
and can only bo solved in pirticaliircai-fis. Wlr-n : I k' i. i v..,i : U ,«]a is a right 
angle, or such an anglo as is obtained by the division of a right angle by 
any power of 2, it may be wived hi the manner shown In the sixth corollary 
•of proposition xiL-tii. 



PROPOSITION X. 
Pboblem. — To bisect a given finite straight line (AB). 

Soliftioh. Construct upon it an equilateral 
triangle ABC (a), and bisect the angle ACB by the 
straight line (J), which will also bisect the 
given- line in the point D. 

Demonstration. Because in the triangles 
A CD and BCD the sides AC and BC are equal (c), 
the side CD is common to both, and the angle 
A CD equal to the angle BCD (c), therefore the 
base AD is equal to the base DB (d), and the - 
straight line AB is bisected in the point If, 









\ 

1 a 



PROPOSITION XL 
PiiOBLEM. — From a given point (A) in a given straight 
line (BC) to draw a perpendicular to that line. 

Solution. Tnh: mu/ poi,d D in AB, and 
from AC cut of AE equal to AD (a) ; and 
upon DE construct an equilateral triangle 
DEF (£) ; then a straight line drawn from 
A to F will be perpendicular to the given, line. 

Demons Tit at i os. Because in the tri- 
angles AFD and AFE, the sides AD and AE 
are equal (c), the side AF common to both, 
and the base DF equal to the base EF (c) ; 
therefore the angle DAF is equal to the 
angle EAF {<!), and the angle formed by 
aight line AB with i 



straight liuo AF, which is therefore perpendicular to thegi- 



■A by the 
n line (e). 



Corollary. By help of this problem it may be demonstrated 
that 11 If two lines be straight, they cannot have a common segment." 
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Demonstration. If it be possible, let the 
segment AH be. comnum to tin: two straight 
lines BC anil BD. From the point B draw EB 
perpendicular to AB (a). Then, because BC 
is the continuation of tlic straight line AB, 
the angles ABE and EEC vrijl Loth be right 
angles (4) and will be equal (c). Also, be- 
cause BD is the eoiitinuitti'.'ii of' the straight 
lino AB, the angles ABE ar.d EBD will both 
bo right angles (4) and ivill be cqaal fc). Therefore the anglo 
EBD is equal to the angle EBC (dj, the less to the greater, which 
is absurd; therefore two .','ntight live caimot have a common segment. 

Scnor.iA. 1. I'viliis propositi. ■:) - pevv'f o.lienlar can bo drawn at tlio 
exlivniity of rirai line, by first jiro baiia;! the lino. 

'i. [',-; c'i!ii]!:ii , !i:;: 1 '■ : m ■; ■ ■ ; 1 r : ;_' v- itb ; ni!» -it i' u is. ii " ill be i mil in!i nifty 
seen that the form it i- only a [ irt i iju lai- cn?e of the latter. Proposition ix. 
is to bisect ai:y liken :v\yM\ ami piv;« -~h ion xi, is to bjhsjet jHti-d'eufar 
ftnglc which n ft i:i i _■ I l r Li j j ■-■ forms ivirii it j t/on Urination. The letters in the 
diagram used by laicla! have, in tiii; partienlnr instance, been deviated 
from, in order to make the similarity Out ween these two propositions more 
apparent. 

PROPOSITION XII. 
Problem. — To draw a straight line perpendicular to a given 
straight liiw of an unlimited length ( AB), from a given point (0) 
without it. 

Solution. Take am/ point D upon ..— s — . „ 
the other side of Ail, and from the center 
G,at the dittance CD, (fewri&e a circle f 
cutting thr. given line inYandd. Bi-'ect '. c \ 

FQ Ml H ("), and from the given point \ .■-''["'■■. i 

C draw the straight line CD ; it will be v | / 

perpendicular to the given line AB. £ it « 

Demonktuation. 7>m?c f/« Zimi OF "° 
rtJi-iCO. Tbcn.l.eMUKinthetiiau^es W J- J 0 "- 

CIIF and CIIG the sides F II and OH g! 1G. 

are equal (Ii), the Bide CII common to f,A j, g. 

both, 'and the H»a 0 OF equal to the (elDcfis. 
base CG fc), therefore the angle CHF 

is equal to the audits ClKr id), ami therefore the line CH is 
drawn perpendicular to the given line AB (c). 

Scuoi.iuir. In this prujio-itioa it if ussain 'I i!i:it the si veil line AB will 
be cut by the ciiclc in turn piiint=. This will he rviilcnt if we consider that 
a portion of tbo circinn Terence of the circlo lies on each side of the line AH, 
mi ! th:i: ap tb-i cboiiinl'.-ivjici' i~ a omt inn, ■ lin- ic mi;-! ii.'oe=-:ii'ily cross 
the lino twice. The dvo line is supposed to be uuitirital in length, because 
I'tbn- » it might so happen that the circle described from C might not out 
it at all. 
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PROPOSITION XIII. 
Theorem. — Ifattraight Une[hS)ttandirtg upon another (CD) 
forms angles with it, they are either two right angles, or are 
together equal to two right angles. 

D EsioriST ratios. For if the lino AB ia 
perpendicular to CD, the angles ABC and 
ABD are two right angles (a). But if not, 

iJr-.nr }',]'. w\--/:»'rdic-'!"r !■> I. [I ([■). and i; is 

evident that the angles ABD and ABC are 
together cqunl to the nm-le.-i KBD and EBC, 
and therefore to two right angles. 

CoiioI.I.Anv 1. From tills iirojiojitioii it is evident, that if several straight 
Vo'.i::: stnv-.'l !.U e si'tr /if n .-.'.(/., r si>vi;;, ! !t t'.:;(. nl (/(•: smnf. puint, <::itl 
mnii <vi';Iis tcith H, i.ll t\:<>-.: inijl ■. ■ 1 1 1 -. [■ t.*]w.v. :<> two ri.'i;: a:iL.-!cs. 

CokolLABy '2. AUn, if tir-i straight iims int. rmr-t. ttie four smiles which 
they form at the ]>'ii:it of interiixUim are together equal to four right 

aolLAUY 3. An J coiiFUi;'icutl_v. ifmiij mm.hcr nf straight lines diverge 
from the same point, nil tho angles which they make taken togotlier aro 
equal to four right angles. „ 

Scholium. It is necessary, in the enunciation of this proposition, to 
insert tho words " forms wgl' b with it." to exclude the case in which tho 
lino AB stand; at either exli'uniity Of CD. 




PROPOSITION XIV. 
Theorem. — If two straight lines (CB avid BD) meet another 
straight line (AB) at tlie same point and on opposite sides, and 
malec the adjacent angles with it (ABC and ABD) together equal 
to two right angles, those two straight lines (CB and BD) will 
form one continued straight line. 

Demonstration. For, if possible, let BE, 
and not BD, bo the continuation of the 
straight line CB. Then ABC and ABE aro 
together equal to two right angles (a), and 
because ABC and ABD are together equal to ; — 
two right angles (J), therefore ATSC and ABE . t ;i 

taken together are equal to ABC and ABD tyj liypoth. 
taken together (c). It now from these equals } c \ Ax. 1. 
we take away the angle ABC, which is common (d) As. S. 
■ to both, the remaining angles ABE and ABD 
shall he equal (d) a part to the whole, which is absurd ; therefore 
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BE is not the continuation of CB. And in like manner it may ba 
proved that no other straight line except ]SD can be the continua- 
tion of CB ; therefore BD and CB form one continued straight line. 

Scholium. The above proposition is proved by the 
"reductio nil absurdum." It is necessary that the tivo 
straight linos CB and BD fiioul 1 be on t.pjfi.iite fides of Afi; 
fur ot lu' r v. i.-:' tiiiis- j;i!-lu :".:r:i- :i v.'irii it tn;;i th'.'r 



PROPOSITION XV. 
Theorem. — If two straight lines (AB and CD} intersect one 
another, the vertical angles are equal (CEA to DEB, aud 
CEB to AED). 

Demonstration. Because the straight line 
AE forms with CD the angles OEA and AED, 
they are together equal to two right angles (it) ; 
also because the straight lino DE forms with 
AB flic angles AED and DEB, they are to- 
gether equal to two right angles (a) ; therefore 
CEA and AED taken together are equal to 
AED and DEB taken together {£■). If now 
from these equals we take away the angle AED, 
which is common to both, the remaining ,r„i;I,:< CEA and DEB shiU 
be equal (c). And in like manner it can be proved that the angles 
CEB and AED are equal. 

Scholia. 1. The second and third corollaries to proposition xiii. may 
also be dtuvn a= orulhi k'." from :he present k-m\ 

2. Tho concerts of this proposition maybe (li'];i(vi=lrate.| ar. ('■•■] ]';w~. If 
four straight tines meet in the tame point, and make the vertical angles equal. 



Sift. 

(c) Ax. 3. 



together are (a) Hypoth. 



each alternate p.iir of linns will Ibrra one. conti 
sineo CEA U C]nal to 11KD (« ). and CEB is o 

AED ttieri-i'iire CI-iA anil Civil laken toeetln-i .no i«i ny^i 
equal to I1ED and A Kli taken toirf:t)n;r (u); ami because (6) Ai. 2. 
tho wholo four taken together aro ei;ual to four ri^ht tcS 1. 13, c 
angles (c), therefore CKA am! Cl'.H tiiVfn together nre (d) 1. 14. 
equal to two r'rsh; unfiles, an 1 oo.nie.jiicn-ly Al! and Ell 
farm one continued straight line (rf). And in like manner it may ho shown 
tliat CE and ED also form one continued straight tine. 
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PROPOSITION XVI. 
Theorem. — If one sid-e (BC) of a triangle (ABC) bs pro- 
duced, the external angle (A CD) is greater than either of the 
internal opposite angles {ABC or A). 

Construction. Bisect AC in E (a), 
dram JiK, "i>.d -produce it until EF is t 
to BE. Also join FO. 

Demos sth at iok, Because in the tri- 
angles EAB and ECF the side EA is 
equal to the side EC (£), the side Eli to 
the side EF ((), and the angle AEB is 
equal to the angle 3? EC (c), therefore the 
anale'A is equal to the angle ECF (</.). 
And therefore A CD heing greater than 
ECF, is also greater than A. In like 
manner, if the side AC he produced, it 
may be proved that the angle BCG, and 
therefore its equal ACD (c),is ymdir than 
the angle ABC. 

ConOIXAr.Y 1. If from nny /lo'nt (C) tirn at 
lines he drawn la meet a third atra.;,;ht Hue (A!i 
of thrm (CD) purpr^/k-idar to it. and lh<: other 
nut; llu'D tU:Lt ■.vlii.;;] is ]>■. f] i : khlLu- thuli k- o 




i drawn from any & 
be perpendicular to 

ie perpendicular lo 



Scholium. Both the sixteenth and seventeenth propositions nro included 
in the tliirty-PPCOtid, ami us lljuy aiv not employed uiiiil subsequent to that 

proposition, they mi^-ht have been omitted in tola place. 
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PROPOSITION XVII. 

Theorem.— If any two angles are those of a triangle. (ABC), 
they are together less than two right angles. 

Drmonstiiat-ion. Produce BCto D. Then 
the external single AUJj is greater than the 
internal opposite ancle li ("); and if to both 
the angle ACB 1 .0 ad.le.l, AC I * and A OB taken 
together are greater ihan !1 and ACB taken 
together; but ACD and ACB taken together 
are equal to two right angles (i), therefore B 
and ACB, two of the angles of the triangle ABC, 
arc ('.'■/■:. M (.-■(■ few than tiro right angles. And in 
like manner it may be proved that either the angles A and B or 
A and ACB are together less than, two right angles. 

PROPOSITION XVIII. 
Theorem.— If one side (AC) of any triangle (ABC) be 
greater than anotfter (AB), the angle (ABC) opposite to tho 
greater side is greater than the angle (C) which is opposite to 
tho less. 

Construct iox. From the nrciter side AC cut * 
of AD equal to the less AB (a), and join. BD. 1^. 

Demokstkation. Because in the triangle / N. 

ABD the skies Alt and AB are e^na] (/■), there- / -H. 

fore the angles ADB and ABD are equal (c). ST" % 

But the angle ADB, bein- the external angle of , . . . ■ 
the triangle BCD. u greater than the internal >H «'* tr 
opposite angle C ( ( /),'tl,eretWe the angle ABD YA 15 

is greater than the angle C; and as ABC is (</) I. lb. 
greater than ABD, therefore ABU, the angle op- 
posite the greater side, is greater than C, the aeiuli opposite the less. 

PROPOSITION XIX. 
Theorem. — If m any triangle (ABC) one angle (B) is greater 
than another (C), the side (AC) which is opposite to tl 
angle is greater than the side (AB) which 
is opposite to the less. 

Demonstration. For the side AC must either 
be equal to, les9 than, or greater than AB. J- 

It is not equal to AB, because then t lie angle B /„) 1. g. 
would ho equal to the angle C (a), while hy tho (*) 1 18 
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hypothesis, B is greater than C. And it is not Ics3 than AB, be- 
cause then the angle li would bo less than C (S) ; therefore the side 
AC opposite to the greater angle is greater than the side AB opposite 
to llie less. 

SnioLiA. I. This proposition istheconrerseof the preceding proposition, 
and I'ciii-s tiui £;:.:] ie Liiation [r. |ji-opn.-i- :<.!-, vi. tli.it :iii! i'fCcfL.im.'.- i;ropc;iii™ 
does to proposition v. Tliis reaction is toi-ii bv combining tiiem in the fol- 
lowing maimer. One anwfc of a triangle ia greater or less than another 
(prop, xviii.), or eqoal to k ('>iun. v.). r.!;.-:c>Ali;:- as tlie sitie opposed to the 
one is greater than, leys ilian. in' erina! to rjjc' si.le opined to the other. 
And one side of a triable i~ ereatcr or !e.« Hum another (prop, six.), or 
i' 'iii.U tii it (iiic]). vi. ). : -i-ii i !i ti- a; (hu niidu of 1,0 -'-'< l llJ lllt; °» c is greater 
than, less than, or cijLecl to llio at.e.le. c^pc.,.,! ;„ t'U, other. 

The mutual tii.:;e four ■o.-.-itiuiM .ll.iv ai-o oc shc-iru i:i the 

following manner t— 



Thop. V.-ff" JB = .4(7, then z. Co£ B. 
Pbot.VL— If £. C= z. B, then AD = AG. 




The proposition? crNniectcrl hv a 1. rack fit are tan conwsc of each other, 
because that which li the hypothesis in tho one is the predicate in tho 

3. Tho form of argument emplojod in this proposition is tho "reductio 
nd ahsurdnm." 



PBOPOSITION XX. 

Theorem:. — Any two sides (BA and AC) of a triangle (ABC) 
are together greater tban the third side (BC). 

Construction. Produce either of the two 
sides, as BA, ■tm'.il AD is e.fml to AO, the other 
side, and join CD. 

Demonstration. Because the triangle 
ACD is isosceles («), the angles A CD and D 
arc equal (b). But the angle BCD is greater 
than ACD (c), therefore it is greater than j 5 

the angloD. Now because in the triangle (A Ax. 9. 
BCD the angle BCD is greater than the (4)1.19. 
angle D, therefore the side BD opposite BCD 
is greater than the side BO opposite D (eft. But BD is equal to 
BA and AC (ft), therefore the sales BA and AO are together greater 
than the third side BC. 

Coiior.i.ARr. It follows from tlita rjroposltlon that the difference between 

any two : Uns of ll r l :li : i L l= i.- ii« 1 1: 1 \; : he iii.^i -Me : li-r -ine^ 11 A AO 
are together LTCu'.tr tliiin i.'.C. if AC be subtracted from each, BA will bo 
greater than the difference between BC and AC. 
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ScnOLiA. 1. By Archimedes mid some other* tliis proposition was con- 
sidered to be mi axu.iu, or stlf-nviik-ia. Tlit wll-i-viduice, however, of a 
proposition is not ;i -i;flit'it'i;t rr:i»on tor ii j Uciiij; phu --.I mumi;:?! t lie axioms, 
the number of which should always be kept as small as possible ; and no 
ji:-..ip.^i;iiju s-iif-iiid uvt;r Hi lulinltln] :n in axiom if it (.mil be demonstrated. 

2. In this proposition, ami ismsiv other* in the Kli'iiicnts, an axiom is 
assumed which is an extension oi' tin' fi';!i, liiirsiol v. '■ ii' (■no quantity be 
greater than another, and e<]u\iU he taken fmin both, the remainder of the 
one is greater than the remainder of the other." 



PROPOSITION XXI. 

THEOBEM.— jffrom a point (D) within a triangle (ADC) 
two straight lines (BD and DC) be drawn to the extremities of 
any sule (BC), [1] they are together less than the sum of the 
two other sides of tho triangle (BA and AC), [2] and they 
form a greater angle. 

Deiionst ratios. [1.] Produce BD to E. 
In tho triangle ABE the two sides BA and 
AE arc greater than the third side EE (a), 
to each of these add EC, then the sides BA 
and AC are greater than BE and EC. Again, 
in the triangle CED, the two sides BE and 
EC are greater than the third side DC (a), to 
each of these add BD, then the sides BE r n ) j 20 

and EC are greater than BD and DC. But (6) L 16. 

BA and AC are greater than BE and EC, 

therefore the sides BA and AC are greater than the straight lines 
BD and DC. 

[2.] Because in the triangle CED tho external angle BDC- is 
greater than the internal opposite angle BEC (i), and because in 
tho triangle ABE the external angle BEC is greater than tho 
internal opposite angle A fi), thcreiV.re the angle BDC fanned hj 
the two straight Urn:,; ;"■>- greater than the angle A formed iy the two 
sides of the triangle. 

Scholium. Jf the tiro straight lines are not 
drawn to the cx'.rcnulita of the base, it is possible 
for l!i mi tn i'xo;t.'-l I be lira siik'j. of tin 1 Ir-iiui^li' in 
any ratio less th:ni thai of ■> to 1 ; for if the lines 
be drawn, as DC ami i)V. hi the figure, they may 
easily bo shown to he greater th:in the two sides 
AB nai BC. ■ 
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PROPOSITION XXII. 



Problem:.— Given threcfinitestraightlines(AB and G)af which 
any tiro together are greater than the third, to construct a triangle 
whose sides shall be respectively equal to the given lines. 

Solution'. Draw a straight line y-'" 
DP equal to A, and on the continua- / \ 
tton of this line tale FG equal to B, i - ' "^Vi- 
and GH equal to C (a). From the f J^J- \ 

center P at the distance DF describe a D [ f \ ° ] / 

circle (b), and/mm tin', tenter I! at the \ \^ Jc 

distance Gil describe another cirdety); \ y 
from the point of inlcr.-vctiuii K draio 

KF and KG; then will the triangle o 

FKG have its sides equal to the tKree a 

given lines. * 

Demonstration. For DF and FK, 
being both radii of the same circle, 
aro equal to the same line A (c); 
also GK and Gil, being both radii of 
the same circle, arc equal to the 
same line C (c); and FG is equal to IS (d); therefore the three tides 
FK, FG, and GK of :',<■ tri'tngle I- KG arc rt.yccLtcdy opta! to ike 
given straight lines A, B, and 0. 

ScnoiiA. 1. In tho above deraonstratloii it is assumed that the tw o 



M L 8. 

(6) Post. 3. 

(c) Def. l.j and 1G. 

00 Solution. 



a identical with the Ci 



PROPOSITION XXIII. 
Problem. — At a given point (A) in a given straight line (AB) 
to form ei rectilineal angle equal 
to a given rectilineal angle (C). 

Solution. Li the two sales of the 
given angle take any points D and 
B ; draw DE, and construct the 
triangle AFG, whose side AF 
he equal to CD and shall have one 
extremity coincide with tlie given 
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point A, and the oilier on the given 
line AB, and whose other two sides 
AG and FG shall be respectively 
equal to CE and DE (a) ; then shall 
the angle A be equal to the angle C. 

Demonstration. For as the 
triangles CDE and AFG have the 
skies CD and CE equal to AF and 
AG, and the bases DE and FG 
equal, the angles C and A formed 
by the equal sides are equal (A). 




PROPOSITION XXIV. 
Theorem. — If two triangles (ABC and DEF) have two sides 
of the one respectively equal to two sides of the other (AB and AG 
to DE and DF), and if the angle (A) formed by the two sides of 
one of them be greater than t!ie angle (EDF) formed by the two 
sides equal to them of the other, the side (BC) opposite to that 
greater angle is greater than the side (EF) which, is opposite 
to the less. 

Construction. From the point D » P 
draw the straight line DG, mating, 
with the side DE, which is not the 
greater, an angle EDG equal to the 
angle A (a) ; make DG equal to 
AC (b), and draw EG and FG. 

Demonstration. Because in the 
triangles ABC and DEG the sides 
AB and AC are equal to DE and DG, 
and the angle A is equal to EDG, 
therefore BC is equal to EG (c). And 
because DG and DF are equal (d), 
and DH is less than DG (e), the 
point F must he below the base EG ; 
therefore the anglo DGF is greater 
Lh;m the ar.^k Y.hV (!) ; but because 
in the triangle DFG the sides DG 
and DF aro equal (if), therefore the angle DGF is equal to 
DFG (g); but DGF is greater than EGF (/), therefore DFG is 
greater than EGF; and because EFG is greater than DFG (f), 
therefore is EFG greater than EGF. Then in the triangle EOF 
the angle EFG is greater than EGF, therefore the side EG is greater 




d I. ■!. 



internal opposite (j) T. !0. 
rianjdc DEG the [*) Constr. 
e DEG is greater f (J I. IS. 

(m) 1. 19. 
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than EP (A) ; but EG is equal to BC (i), tUrefore BC is greater 
than EF. 

Schoua. 1. At (e) in the above demonstration it is assumed that 
"DH is less than DG," ivhcreas it should have been proved, which may be 
do:ic in lliu fulln-.i-in^ mnntn'r. In (!]■> t-ijiuplc DEH the 
ex!f!rr::i! [ingle DUG is greater than the internal o " " ; "' 
angle DEG (j); and because in the triangle Dl 
si ie DG j, C'vi'i'.r..:' tli:m (£-), ■-wi^- '>VM is . 
than the angle iJtiK t!iere:i>:-e the ,i:ii;le DUG ia i-reaier 
than the angle DGE, and the tide DG greater than the side 
DH (m). 

2. The foregoing proposition may also be readily demonstrated in the fol- 

Cosstreictiojj. From llie point D draw the D 
straight- line DG, making, with the tide DE, ahich 
is not the greater, an oitaU l-'lif. s.-jttal to the angle 
A (..): »:«■!-$ 1'G c?i«j/ (o AO (6), aurf rfrnio EG. 
T*™ bisect the anile FDG (e) with tlie Untight line 
DK, cutting EG t'n K, and join FK. 

Demonsthatios. Because in the triangles DKG 
and DKK the sides DC", and PF are c^iuil ((/), the 
side DK common to both, and the angle KDG equal 
to KDF (d), therefore the haso KG is equal to KF(c) ; 
ailii:]!; Y.K t" eaeh. we liave Eii f-qiial in i!iu ht.ni uf 
EE and KF (/), hut EK and KF are together 
n EF (jl), there/ore EG it greater than 




PROPOSITION XZY. 
Theorem. — If two triangles (ABC and DEF) have two sides 
of the one respectively equal to two sides of the other (BA and AC 
to ED and DF), and if the third side (BC) of the one be greater 
than the third side (EF) of the other, the angle (A) opposite 
to the greater side is greater than the angle (D) which is 
opposite to the less. 

Demonstration - . For the angle A is 
cither equal to, less. than, or greater than 
D. It is not equal, because then tho base 
BC would be equal f o EF (o), while by the 
hypothesis BC is greater than EF; and it 
is not less than D, because thon the base 
BC would be less than KF (i); therefore 
the angle A opposite to the greater side is 
greater than the angle D opposite to ike leas. 
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which liiia boon poiinrn uii: >ii :li ■ ■,r.i:u 
position xix. This will he immediately 
placing these propositions its the form 

f Pkop.1V. IfAB = 
\ AC~ JJ^khcnBC— EF. 

t Prop. VIII. IfAB=; DEA 

AC= ±>F, J-thcii ^.A J = 

fPEor. XXIV. l/AB = DEA 

\ AC= DF, J- then BO EF. 

tPnop. XXV. JfAB= I>E,\ 

AC^ Vtliea Z.A> iD. 
andUC-> EF,) 

Hero the propositions connected :■•>■ :i bracket arc the eon«f*<! of ctcIi 
other, the twenty- fourth ;trj-.l twoiitv-fifih j>n ■]>■)-!( ioiis beinu; the con - 
of rraoh utlun- in prt-.:i.-e]y tliu same way :w tlii! fourth ami eighth ;i 
already explained in the scholium to ;hc eighth proposition. 

■ PROPOSITION XXVI. 
Theorem. — Tjf dro triangles (ABC and DEF) /miiy) ficw 
angles of the one respectively equal to two angles of the other 
(B to E and C to F), and a side of the one equal to a side of 
the oilier, either [1] the sides adjacent to, or [2] the sides opposite 
to tlwse equal angles (BC to EF or BA to ED), the remaining 
angles and sides shall lie respectively eo^ual to one another. 

Demonstration. [1.] Let the equal sides * n 

be BCandEF,thc : adi;; je:Li to the equal 
angles, then the side BA is equal to ED. 

For if it he pofsihlCj let one of them BA 
he the greater; make BG equal to ED (a), 
and draw GO. Then because iu the tri- 
angles GBC and DJ-K the s-idos 1SG and BO 
are equal to the Bides ED and EF (*), and 
the angle li to the angle E (c), therefore the 
angle GCB is equal to the angle F (d); but 
by the hypothesis the angle AOB is also 
equal to P, therefore the angle ACB is equal 
to GCB (e), the greater to the iosss. which U 
absurd; therefore neither if (he side* BA and ED is greater than the 
other, and therefore they are equal. And because in the triangles 
ABC and DEF the sides BA and BC tire equal to ED and EF, and 
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the angle B to tho angle E, therefore the side AC is equal to DF, 
and the angle A to the angle D (d). 

[2.] Let the equal sides be BA and ED, 
opposite to the equal angles C and F, then 
the side BO is equal to El?. 

For if it bo possible, let one of them BC 
he tho greater; nial-e BH equal to BF (a), / 
nnd join AIL Then, because in the tri- i_ 
angles ABH and DBF, the sides BA and BH 

artf i'qiial to i',D;;:id \ ', ]■'(/.). nn.l the initio [i ■ . ■ . i a ; ! I '. ) Uio ;ul!.;!o V. (<:), 
therelbre the angle A11I1 is equal to the angle F (d); hut the angle 
C is also equal to the angle F (c), therefore the angle AHB ia equal 
to the angle C (e), that is, the external angle AHB of the triangle 
AIIC is equal to the internal opposite angle 0, which ia impos- 
Hible (/); therefore neither of the sides BO and EF is qreater than 
the other, and therefore they are equal And because in the triangles 
ABC and DEF the sides'BA and BC are equal to ED and EF, and 
the angle B to tho angle E, therefore the side AC is equal to DF, and 
the angle A to the angle D (d). 

ScnouusL It is evident that tho triangles are themselves equal. 

COROLLART 1. If (i straight line (ATA be draionfr 
isosceles triangh' ( AC! >) rp-:nlir>i'nr to (he base, it v 
also the angle (CADI opposite to tho base. 

Yov in !!H! n i:::i-:i:s AitC \uvl AW) the arises C a 
are equal to the angles D and AliD (u), anil tho t 
opposite the equsil angles C anil D. is cosmiimi to both 
f.i.;Ui^in:^-OAt; is f!ju:il t 1 1 tin: !;-il'Ic 1) A I'., :iii<1 
CB to BD (o); anil therefore the base UD u bisected, i 
the angle CAD opposite to tie base. 

Corolla r,Y !!. It is r.vi.ic:-.t that a st!\-ii,:!it imo which (./) if-,-j,'.th. 
bisects tho ailple ONjnjsiti' lo tin.' \xixe of an i-o-eeles triangle, ' 
bisects also the Iw, ami is perpendicular t.i it; and that a 
straight line draivn the vltcos, LUic-inii the hase, i- perpendicular tc 
it, and bisects the opposite augle. 



PROPOSITION XXVII. 
Theorem. — If a straight line (EF) intersect tiro other straight 
Unes (AB aud CD), both in the same plane, and form alternate 
angles equal to each other (AEF to EFD or BEF to EFC), 
these two straight lines shall be parallel. 

Demonstration. For if possible let AB 
and CD not. he parallel, but meet when 
produced on the aide BD in some point, as 
G. Then, in the triangle EGF, the ex- 
ternal angle AEF is greater than the in- 
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ternal opposite angle EFG (a); but it is 
also equal to it (S), which is absurd ; there- 
fore the lines AB ami CD do not meet on 
the side BD, and in like manner it can be 
proved that they do not meet on the side 
AC. Since, then, the lines AB and CD, when 
produced on either side, do not meet, they 

"i -1 » 

Scholium. The condition that birth the straight 00 l>ef. 7. 

lines AB and CD s'.ki!! be in the sumo plane 13 

necessary to be introduced in tlio enunciation of tiiis and the two following 
propositions;, for i: v;\v.:A !.e p«;:bie k,r two Plrai.L'lit lino.-; (o a^oM v;:i>: 
the remainder of the hypothesis, and yet not to be parallel if they were not 
in tlic same plane. 

PROPOSITION XXVIII a. 
Theorem. — If a straight line (EF) intersect two other straight 
lines (AB and CD), both in the same plane, 
and form an external angle equal to the 
ternal and opposite angle upon lite same side *■ 
of the line (EGB to GHD), the two straight - 
lines shall be parallel. 

Demonstration. Because the angle EGB MBlllrf 

is equal to the angle GHD (a), and the angle Xi 

l']Gl> is ul.-o L-i|iinl to the vertical angle AGH (5), ( c { As i 

therefore AGH is equal to GHD (c); but they (d)L 27. 
are the alternate angles, therefore AB w parallel 
to CD (d). 



PROPOSITION XSYIII a. 
Theorem. — If a straight line (EF) in- 
tersect two other straight lines (AB and CD), 4 
loth in the same plane, and form internal 
angles at the same side (BGII aud GHD) r 
equal to two right angles, the two straight 
lines shall be parallel. 

Demonstration. Because the anglcaBGH 
and GHD are equal to two right angles (a), 
and the angles AGH and BGH are also equal to two Tight angles (S), 
therefore the angles BGH aud GHD are equal to the angles AGH 
and BGH (c); take away from both the common angle BGH, and 






M Hyp 
hi i la. 

(c) Ax. 1 
(..')!■ 
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the remaining angles GHD and AGH are equal ; tut they are the 
alternate angles, therefore AB is parallel to CD {d). 

SciioilUK. The tweiity-ei-htli proposition of F.iu'tnt really consists of 
two distinct propositions, which are here distinguished aud separately 
demonstrated. 



PROPOSITION XXIX. 
Theorem. — If a straight line (EF) intersect two parallel 
straight lines (AB and CD), [1] it forms the alternate angles 
equal to one another (AGH to GHD), [2} and the external 
angle equal to the internal and opposite angle upon the same 
side (EGB to GHD), [3] and also the two internal angles on 
the same side (BGH and GHD), together equal to two right 
angles. 

Demos st ration. [L] For if AG1I is not 
equal to GHD, let KG be drawn, making the 
angle KGH equal to the internal opposite- 
anglo GIID («). and produce KG to L ; then 
the line KL will be parallel to CD (J); but 
AB is also parallel to CD (c); therefore 
through the same point 0 two straight lines 
have been drawn parallel to the Game 
straight line, which is impassible {d); the 
alternate angles AG1I and GHD are therefore 
equal. 

[2.] The external angle EGB is equal to 
the internal and opposite angle on the same 
side LiHD ; fur the an^o EG. 13 is equal to 
the vertical angle AGH {e}, and the anglo 
AGH has been proved to he equal to the 
alternate angle GHD, therefore EGB is equal to GHD (/"). 

[3.] The two internal angles on the music side 130(1 and GHD 
are together equal to two right angles. For since EGB is equal to 
GHD, add BGII to both, therefore EGB and BGH are equal to 
GHD and BGH (//); but EGB and BGII are equal to two'right 
angles {h), therefore also BGH and GHD are equal to two rigid 
angles. 

Scholia. 1. Euclid's twenty-ninth proposition really consists of three 

ei'tioet •>'■ ifjn--itin:: = . iv;iieh :ire >!:■;■::■ - -MiMied; | I j U. '.lie converse nf propo- 
sition .\xvii., \ 2\ i~ tin: convert of proposition sxviii A, and [3] is the con- 
vert of )n-'>|io-r.io!>. sxviii v. 

2. Tlse ilcmoiistriirio:] Iwu -iven U ?i:i:ihr to Unit or I'l ay fair, and differs 
slightly from that given by Euclid, l'ciii_' proved l.y means of tlic axiom, 
" That through the sisaie poiot two ittai.ot lines emmet he drawn parallel 
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tn the same straight line" hi-k'rtd of lit-intr proved by tin: twelfth axiom ah 
given liy Simson, which, bei;]; the cuiivrrpc of nnothur proposition (I. 17), 
requires itself to be t.;i;:nuniti\Uid, whieb. may 1 <: doiio hi the following 

TnEOnEM. If a straight Um 
Si> u,< to ni'ihi: f.'.;: tiro internal ai . , 

Ikcr ii.'i tk-in .':;■-) rfi/lt iwt'i ■'. t line- (All mid CD) beiiii; Ci 

tinnnliy produced, sinill itt luii.^lli meet upon that 
side on which are ilie angles which arc less than 
two rifrht angles. / 

Demonstration'. For if the two straight lines 
AB and CD do not imvt uhen cod :iiumlly pro- 
duced, they are panKrl (;.■); ,ied if GL be drawn, 
nniliini; the iinjilcs LGH :md G11D toother cqvnd 
to two right illicit'-, it will t»' |inr;dhd to CD (i). 
That is, throng] i the point G the two -mi jlit lines 
Oi. :u:d All h:ivc been (h'nwn n-.;i. nnriilhd tu [lie (") Def. 7. 

lit!-; CD. v.hieh is iiiit :,--;:,!.: (,■)■ 'dim f .ie Ihe ('0 1. B 

*(rn^AfKnej ABnndCD „,-,: no: pnraiij, but shall W Ax. 12 

at length meet if continually produced. 

Cotiou.ATiv. The pnrts of nli peq eniiicu!:)!-? to tv.'o 
parallel straight lines, intercepted between tlicui, arc 

EF and GH he perpeudicnhiv to the two parallel 
'■!:'! i;.; ill Hill-.- Al! ;i: d CD; find join FII. In the tri- 
aii.slps 1" MIX rtnd CI 111- the m*;::^ I- 1; H ;l nd (Mir! iiro 
eqn:d,bek);.' alternate^), and tbe anilcs KH1" nod IILli 
tire equal, iiein;; ullrriiuti: (ir), iiiul the side. Eil is com- 
mon to both; therefore the remaining si !c- .".re respec- , . T „„ 
tively equal to each other (t), f*e ifrfe EF to the side £ 




PROPOSITION XXX. 

Theorem. — J? fu'o straight lines (AB and CD) iie parallel to 

the same straight line (EFj, they are parallel / * 

to each other. — . M — 3 

Demonbtbatios. Let the straight line * j* * 

GHK intersect AB, EF, and CD. Then tho c L a 

angle AGK is equal to the alternate angle / 

GHP («), and tho external angle GHF ia / 

equal to the intej-td '.ppo-ite angle GKD (a), , . , j 3 

therefore the angle AGK is equal to tho }(,< Ax.'i. 

angle GKD (£); and because they are al- (c) 1.27." 
ternate angles, and are equal, therefore AB 
it parallel to CD (c). 
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PROPOSITION XXXI. 

Problem.— Through a given point (A), to draw o 
line parallel to a given straight line (BC). 

Solution. In the line BC take any point D, " 
join AD, and at the point A form ih. W« DAE 



..i Me <J;yM>.Mte si* 0/ (/ie AD {«), «»d " /„) ]. 23 . 
EA (o F; (fiera fSe K«« w jwrafM (o h\ Solution. 



CO i.w- 



Demonstration. For the straight hno AD, mtasectmg the 
lines EF and BC, forms the alternate angles DAE and ADC 
equal (i), therefore the lines EF and BC are parallel (e). 

PROPOSITION XXXII a. 

Theobem.— 5" ««y «tle (BC) o/ a (rianjle (ABC) be produced, 
the external angle (ACD) is equal to the sum of the two 
internal and opposite angles (A and B). 

Construction. Through ihepoint C draw 
CE parallel to the straight line AB (a). 

Dewohstration. Because BA and CE 
are parallel (5), the angle ACE is equal to 
the alternate angle A (c), and the angle 
ECD is equal to the internal angle li ic), 
therefore the whole exteni'tl angle ACD is 
equal to the two internal angles A and B {d). 

Scholium. Euclid's tliirtv-pccoii"! pi-ornsit-ion really consists of two 
distinct theorems, which nrc hero separately distinguished. 

PROPOSITION XXXII B. 

Theorem. — If any three angles are the internal angles of a 
triangle {ABC), they are together equal to 
two right angles. 

Demonst ration. Produce BC to D. Then 
the angles ACB and ACD are equal to two right 
angles («), they are also equal to the three in- 
ternal angles A, B, and ACB (£) ; therefore (fie! 
three internal angles of the triangle ABC are ( c ) As. 1. 

together equal to two right angles (c). 

c 3 
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Corollary 1. Ally triangle; can have but one right angle. 
CokollahY 2. Ill any trian.de, it" oix aiiL'le he right, the other 
together equal fu il risrht un-le; and it' one angle be equal to tie otl 
i: is a ryot, angle. 

COROLLAltY 3. If two trem.dcs have [wo allies ;n the out 



o twi 



" S Ina llC 



.. right-angled isosceles triangle, ea 

is ran it right angle. 

C<.h:i-)1.lai;y a. Each an;: !f r.f an orjit i h cv:i 1 rrhiiipk 
part of two rLdit ansles, it to two-thirds of one right angle, 

CoaoLCAUY fi. I'l-ini) ihc ibi-eeriug corollary maybe 
derived a method of tristvtioj: n rijtht niude. 

rj.cn any ti'ni of sidcCU construct rqui- 
lator:,! cri.-n';-!.: Ci)|! (,;). and i.i-.Tt [he ftlifhi (.'ill) liv 
tl'.'j line i-.Li (.;■); then is the ri.jht rujde Aim .liviiioU 
into three equal Jiiiits: l-a- the whole ;in do. CUD W-iiiir 
eqnal to two-thirds of AUG (e), its halves ait cacti 
equal to one-third, and the angle AUD is the remaining 
third part. 

iiv siiixe^ive bisection^.!/ Hi.- .iiv:!-= A!!!). HUli.and 
EliC, the right angle ABC may be divided into 6, 12, 
84, &c., equal parts. 

Corollary 7. All the internal angles of any rocti- 
1:lio:.; Iti.'111'o (AllCIil",), ii-. ;oor with losir right angles, 
are equal to twice aa many right angles as the figure has 

Demonstration. Take any point F within the figure, 
and draw (lie straight lines FA, KB, PC, I'D, FE. There 
nro formed its many t:'iat:;::-s as the ligiue lias shies, 
therefore a:! their angles taken together are equal to 
twice as niauv rieht an.^e; ,-o- the lieurc. has tides (n); 
hut the- jlhl'Im a! (lie )>-.hr. V are (n_-e(hi;r e-::ed to four 
neht am.dcs (I,), tbere:"ure «U the lit, n,„l <<?..jhi ,,/ the 
Jt'iit.-v. AISCDE. i-yah-r frith /<„::■ ri : //,t 'indies, are equal 
■ - jire / las sides. 




many angles as Ihejigure 



SCHOLIA. 1. It should be observed, [hut if the 
has a re-entrant angle, as ABC, the internal 
(although greater than two right angles) mi 
taken, and not the external anglo. 



Corollary 3. The external angles of any 
rectilineal iijriiiv (A11C) are together equal to 

four right tingles. 

Demonstrati™. For each external angle 
ABD, with the ndj:icont internal angle AHC, is 
Lqnel to two rieht (.■<); there:'' ■;■<:■ ad the 

(■sternal angle.-, together with all the internal 
tinges, are equal to twice as many ri : dir ai:;-ies 
as the limine has sides : hut the h.teinai uneks. 
together with tour riehl angles, are equal to 
twite as many ri-lit an^ie- 'as the figure has 
sides (i) ; take away front both the" intern:;! 
angles, and the ,;xt,.nfd ■ ti.yhs r-.wun, equal to 
four riglit anglo (c). 



an-le 
1st ho 



(a) L 32 b. 
(o) L 13, cor. 3. 



:) I. 13. 

) L 3ii n, cor. 7. 
) Ai. B. 



ELEMENTS OF GEOMETRY. 



35 



Scholia. 2. If the figure, has a re-entrant 
angle, Hi ARC, Urn iiii-lo DISC, or the .lilu-rence 
between the angle AliC and two ri^ht ani'ies, 

torforanKlcs!""TiLi[.,tl:-Mi:i. ..1' tho angles LAB, 
MCE. EEC, IIGi, KIA, less the angle DQC, will 
equal four right angles. 

;!. The following theomn is introduced as da- 
pending upon the ^preceding, and because of its 

of tin; ..!iirnl:Mi;t ;n; J sextant. 
Tueohesi. If at 




; A;r ii.'eairv ;V ai+l.i HAL' is ii ihan tho 
:ior angle I'.C! > (r ). (hi': half of the ibmier 33 AO 
is lc-s than tilt: li:il['':f 'he latter ECD; mid EGA to 
both, and KAC and ECA are less than ECD and 
ECA; hut EC!) and EC- A are to.-nthe. e-f|i-.:i1 to two 
right angles, therefore EAC anil ECA aro together 
less than two ri^'ut anjli..-. :i:rl therefore the lii.es (") E li>- 
AE and CE imist meet on the same side of AC as (4) Thcor. attachea 
those angles (*); let them meet in E. Then, be- to I. 29. 

c^aSeECJlistl!e..'M.v;MV-i:;-:^!:- l li:-.-:-,r ! -:,:l-;AC, '■ 1 ! 
it equals the two interior angles. EAC and K {<-■), and 
thereto™ twit e EL'U c.'ioah m iec the angles EAO 



an I E (</), that is. the .ni;;E I.U.'n is i-fjiL;:! to the 
eum of tho angle l.'.AC and twice the angle E; but 

the allele IIOIJ is ei[iial to the two interior angles 1EU, ami is (c), tnercsore 
the sum of BAG and twice E is equal to the sum of KAC and B (e), and 
taking liAC from loth, theroforo the awjle B is equal to twice the angle E (/). 



morosiTioN xxsm. 

Theorem. — If straight lines (AC and BD) join the adjacent 
extremities of two equal and parallel straight lines (AB and CD), 
they are themselves equal and parallel. 

Cokstbbotios. Draw the diagonal BC. 



Demonstration-. Because in tho triangles ABC 
and DBG the skies AB and CD are equal (a), the 
side BC common to both, and the angle AliC c 4 nal 
to the alternate angle BCD (4), therefore the two 
sides AC ami BD arc o/>mI (c), and also the two 
angles ACB and CBD are equal (e); and because 
the straight line BC intersects the straight lines 
AC and BD, and forms alternate ancles ACB and 
CBD equal to each other, therefore AC id ^.tralld 
to BD \d). 
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(«), the angl, 
C BCD (i); 



fo the o, 
equal t 



PItOFOSITION XXXIV. 
Theorem.— If a figure (ACDB) be a parallelogram, [1] the 
opposite sides ate equal to one another (AB to CD and AC to 
ED), [2] as lire also the opposite angles (A to D and ACD to 
DBA), [3] and tho parallelogram is bisected by its diagonal 
(OB). 

ise AB i. parallel to n j, 

j (0). men, Because in the two trianoles 
DISC the two :,i. K k-s AUG and ACli'aro <"> JVr. 2-". 
1C1) and DBC, iuij the side BC common YA !' i£ 

] therefore e , AT, 'AG ure equal ^ fc ^ m1io1 . 

sfe «ufa CD BJi( Z BD (c), the anglo A is (V Ax. 2. 
ie angle D (e). and trial, gle ABC is 
.he triangle DBC ((£), [3] therefore rt<; parallelogram is 
the diagonal BC. 
[2.] Also because the hiii-le ABC is equal to BCD, and the angle 
ACB is equal to DBC, therefore the whm'e am/lr. ACD is equal to the 
opposite whole angle ABB (e), and the angle A has been proved to be 
equal to the opposite angle D. 

Scholium. This tisercin i^nsi-ln df three tiistiiiet ] impositions, which 
aro here separately tlisHu^iisiKri.l hv numbers. 'I ho converse propositions 
to the first sliiiI second may l.m demonstrated as follows. 



dtd figure (ADDC) the opposite sUIa 



tlie figure AliDC is o paralhteg 

Theorem. If in ring font 
opposite angles are equal, it is f 

DEMONSTHATIOy. Because 

and tlio nurde B to 0 thei 
Dand C (b), and t lie lour anj 
A and B; but tho four angles 
right uugki fe), tluTirS.re A mid I! are iK]unl to 
fiii-'lr-p, :::i<! llii' liin' AC is ]ariil!.:-l to Mi) (./): ar.il in a 
similiir maimer il limy h- to.jvc.1 that AT. is parallel to CD, 
(A«re/bre Ox figure AMIX; ;j « p'lndkhgram (e). 
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COSOLLA'DY 1. If a, parnlUlagrnm (ABDG) have One ri'jht 
angle, all its ancles arc right tingles. 

for sinrc- tin- a.'iin-nt :n;-...[.- A and 1'. are tni'elher equal 
to two right tineles (o), if one . f them is a riidit atiide (4), 
other must also he a right angle: ami the anglm C nnrf Dure 
riji* angles, being equal (o (Sen - opposite angles B njirf A (c). 

CoBOiiART 2. 7y (wo parallelograms have an angle of the 
an angle of the o'her, the r.-;!;i:>ii.in- :;i:l[c.v -hall :.e i-e..;;ee:ive:' 

For the angle;; opposite Hit equal angles aro equal to " 
tWm («). iui'L therefore to each other (4); anil the angles 
adjacent to the equal ar.gle.; are equal, Leiug, with these 
equals, equal to two right angles (c). 

CoitOLT.Aiti- 3. The diagonals of n parallelogram 
IJ-;',-'. f.neh other. 

For since, in the triaii!:li- A ]A ■ and i>kT,.Hie M.ie. AG 
is equal to the ni.U; l;l) (f). Hie ar-.j-o EAC to EDB, and 
the angle EC A to EISD (4). therefore the side A&isequal 
to ED, mirf (Ae side CE io EH (c). 



'n) I. 29. 
4) Hvpoth. 
L 34. 



By menu 



of the 



.1 ,, u:l ! 



nthal 



ai-h: li 



Let AB he the gin 
making am- v-itJi AL!: ir.'te inv part 

AD, and make l)E, EC equal to it until as 
ni.iiiy equal !;:;vi' i.ecri M-'O'i a: th.it 

iutoViiiuh tile ]h:e All i> to I-' . 1 1 v : ■ 1 ■ l . -Tufa 
CI!, ami draw EG, ill'' p-aUel n Cli, then 
the' line AI! i-asiS he divided into the required 
number of equal parts. 

Draw DII ami EI parallel to AB; then 
t'acv are aho |>aralLl to each other (it); 
therefore Hie anides GUI, KDII, and DA V 
are equal to eirli other ((), mid also tho 
uncles C, DKil. ar.d API' are eoual to eadi 
other (4), aad Hie side* CE, ED, and DA 
huu^t ... j.i:.: i>), the =Hes El, I'll, and AE 
are nbo equal (it). Then, heeatiFa EG and 




PKOPOSITION XXXV. 

Theorem. — If parallelograms (ABCD and EBCF) are upon 
the same base and between the same paral- 
lels, they are ecrual in area. 

Constbtjction. Produce the side BC to G. 

Demonstration. Because the lines AB 
and DC are parallel (a), the angle DCG is 
equal to the internal angle ABG (6); and 
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because EB and FO are parallel (a), the 
angle FCG is equal to the internal angle 
EDO! (l>); therefore tlie an S Io DCF is equal 
to the angle ABE (c). Then, because in 
the triangles DCF ami ABE the two sides 
DC and CF arc equal to the two sides AB 
and BE (d), and the angle DCF is equal to 
ABE, ihoivi'i'L'u the trhuiu'loJ themselves are 
equal (e). Then, from the quadrilateral 
AECF take away the triangle DCF, the 
the parallelogram ABCD; 



and from the si 
the trians 



ladrilat 
s ABE, "the rem 
'ie ■paixdldo'jixaH 




al take away 
hidc.r Li the (itirallelo^ram EBCF; 
ABCD and EBCF are equal in 



Scholia. L The demonstration of i' u.:l! 1 Ii:is not teen adhered to in 
this proposition, in order to :u'<.id it; divisiun into di.iiiin.-t cases, according 
to the relative potion; of th..- lines Al) and KF. 

2. The word -'equal" is. hi this and several following propositions, used 
by Euclid in a sense somewhat dilfen-nt to tii.it ill w hith it has l)oen em- 
ployed hi the previous ]>...j-iTt-n of the til. Clients ; nanirh-, to denote simply 

{ " -™ ""' ~i"~t"»~ »« ■oas iii form. lo order to avoid any 

as loen substituted for equal; and 



th-L.- ].-.Uer is uiil;- (i 



PROPOSITION XXXVI. 

Theorem. — I£ parallelograms (ABCD and EFGH) are upon 
equal bases and between tlie same parallels, they ate equal to oue 
another in area. 

Coxsmucxios. Urate BE and CH. 

Demonstration. Because the lines BC and 
EH are equal to the same FO (a), they are equal 
to one another (i>; but thev are also parallel (e); 
therefore BE and CI I, which join their extremi- O) Hypoth. and 
ties, are parallel (d), and EBCH is aparallclo- ... L 
gram equal in area both to ABCD and EFGIi (e) ; 
and therefore the p'lmUdo-jrmu ABCD and EFGIi ?/j i. ga. 
are equal in area (i). (e) 1. 35. 
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PROPOSITION XXXVII. 
Theorem. — If triangles (ABC and DBC) are upon the^ame 
base and between the same parallels, they are equal to one 
another in area. 

Constuuctiox. Produce AD both icays to the v , n u 
points E and 1"; through I) draw ISE parallel to 
CA (u), tiJiJ through C «W; CF parwtfrf to BD (a). 

Dijuu^tuatio.y. Because the parallelograms 
EBCA and DBCF are upon the same base and ■ 
between the same parallels, they arc equal in 
area (i); and because the diagonals BA and CD ....... ... 

bisect the equal parallelograms (c), the triangle \dS Ax. 7. 
ABC is half the p;ir,;!ido;:r;nii EBCA, and the 
triangle DBG is half the parallelogram DBCF; therefore the tri- 
angle ABC is equal in ami to the triangle DBC (d). 



PROPOSITION XXXVIII. 
Theoeem. — 1/ triangles (ABC and DEF) are upon equal 
bases and between the same parallels, they are equal to one 
another in area. ^ 

Construction. Protluc: AD botfi way t to the a * p n 
points d and 11 • through B anon BG parallel to S /) "A" 7 
CA («), n?irf through"):' draw FH parallel to \ / \ I \ ? 

DKMi'i-sTiUTMs. Uu^uisc: the para! iclngi-am* „ 
GBCA and DEKH are upon equal bases and VU { ^ 
between the same parallels, they are equal in \ c s t* 3^ 
area {£) ; and because the diagonals BA and FD (d) As. 7. 

bisect the equal parallelograms (c), the trianglo 
ABC is half the parallelogram GBCA, and the triangle DEF is 
half the parallelogram DEF II ; therefore the triangle ABC is equal 
to the triangle DEF (</). 
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PROPOSITION XXXIX 
"Sheorem. — If triangles equal in 
upon the same base, and upon ilie s 
between the same parallels. 

Demonstration. Draw AD ; tlien it is 
parallel to BC ; for if not. through the point 
A draw AE Id iiC (■•). mr.l iuin EU. 

Then the triangles ABC and EBC are equal 
because they aro upon the same base (J) and 
between the Game parallels (c); but ABC is 
also equal to DBC (/>) ; therefore DBC is equal 
to EBC (d), the greater to the less ; which is 
absurd. Therefore AE is not parallel to BC; 
and in the same manner it may be proved 
that no other line than AD is parallel to it ; 
therefore AD is parallel to BC. 



3 (ABC and DBC) be 
i side of it, they are 




Scholium. 



TMi 



s th< 



is demonstrated by the " rcJuctio ad absurd urn.'' 



PROPOSITION XL. 
Theorem. — Zf triangles equal in area (ABC and DEF) are 
upon equal bases in the same straight Urn, and on the same side 
of it, they are between the same parallels. 

Dbkohstbatioh. Draw AD ; then it is 
parallel to BP; for if not, through the 
point A driuv AO p;iv;il'el !■> lii 1 ' (">■ aiiii 

join GP. Then the triangles ABC and GEP 
are equal, because they are on equal bases(S), 
and between the same parallels (e); but ABO 
is also equal to DEF (i), therefore DEP ia 
equal to GEF (d), the greater to the less; 
which is absurd. Therefore AG is not pa- 
rallel to BF ; and in the same manner it 
may be proved that no other line than AD is 
parallel to it ; therefore AD is parallel to BF. 

ScnoT.iun. This propo-it I™ is t fi f rinvn-sc of the thirty-eighth, and is 
demonstrated by the " rciluctiu r.il nbsurdiun." 

The following corollaries may bo drawn from this and the preceding pro- 
position. 

Conor j-aby L Any parallelogram or triangle is cqnalin areatoarlght- 

anglc-.l lar-lhJo-nmi , triiiiide having nn Cqiuil bnse and altitude. 
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thi;y aro 

twoen the K 



eqnn 



Draw AG 



i BD. 



c equal; belli?: o^-h equal 10 kali' _U.' ftT>, 
thpyurc al~o paralM f/): i iu I'FGII w 
a :>;;n;l'd"i;i;;;i; !/). J :v: ! i^r. ! i i ' I r:;i!iL'l- 
if equal hAirea to ui:u-:"..i:r:li n:" f >-U ! . an-.l !U"!i 
is equal in area to one-fourth of BAG (<?); 
therefore the two triangles DEII ami Ui-'i; am 
together equal in area lo one-fourth of tho 
-whole figure Alil'II; in like manner tho two 
triangles AEF and CiiG may be shown to bo 
together equal to ont-.finsr-tli of tin; svhe.lt:; 
therefore lll'.ll. Aill', BI G. and CHG a 




> tc- 



0 PROPOSITION XLI. 

Theorem. — If a parallelogram (ABCD) and a triangle {EBC) 
be upon the same base, and between the same parallels, the paral- 
lelogram ia double of the triangle. 

Construction. Draw the diagonal AC. V \~yf 

Demonstration. Then, because tho two tri- \ \JC i 
angles ABC and EBC are on the same base and \/ \\/ 

between the same parallels («), therefore they aro £ ~i 

equal (i). Bui, the parallel ■anm Alii 'I) is double , a s Uypotli 
of the triangle ABC (c), therefore ABCD is also h< 1.37. 
double of EBC. (c) I. 84. 

if a parallelogram anil a triangle have equal ba.=es 
arue parallels, the parallelogram is doofclo of tho 



4a 



EL Ell EST S OF GEOJIETEY 



PROPOSITION' XLTI. 

Problem. — 1\> construct si ]W;";H< in^iim equal in area !o a 
given triangle (ABC) and having an angle equal to a given 
rectilineal angle (T>). 

Solution. Bisect BC in E (a), .join AE, 
and at the point E waie (A« at^e FEO eouitZ 
to the given angle!) {I); also, through A draw 
AG parallel to ISC (<■'). ihrouqh C <fraw 
CQ paj-atfrf to EF (c), FECG is ;/ie 
parallelogram required. 

Demokstratioh. Because the triangles 
ABE and AEC are upon equal bases BE 
and EC, and between the same parallels 
BC and AS (d), therefore they are equal in 
area (e); and the triangle ABC is double of 
the triangle ABE; bat, because the paral- 
lelogram FEC9 and the triangle AEC arc upon the same base EC 
and between the same parallels BC and AG (d), therefore the 
parallelogram is double of the triangle (/); ami the parallelogram 
FECG is equal in area to the triangle ABC (g), ami has one of its 
angles equal to the given angle D. 



PROPOSITION XLIII. 
Theorem. — The complements (BK and KD) of ike parol 
IMograms (EH and GF), which are about the diagonal c 
parallelogram (ABCD), are equal in area to one ai 




Because the diagonal of 
a parallelogram bisects it (a), the triangle 
ABC is equal to the triangle ADC, and the 
triiinirlcs AV.K r.:\d KUC to the mangles 
AHK and KFC; then, if from the equals 
ABO and ADO tlic equals AEK and AHK, 
and also the equals KGC and KFC, be taken 
away, the remaining complements, BK and KD, 
will be equal in area (b). 




mal, and also tlieil 
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PROPOSITION XLIV. 
Problem. — Upon a given finite straight line (AB) to con- 
struct a parallelogram which shall be equal in area to a 
given triangle (C), and have one of its angles equal to a given 
rectilineal angle (D). 



••• K * 



If 



Theor., I. 2D. 



(/) Constr. 
( ? ) As. 1. 
(t) I. 15. 



Solution. Produce AB 
BE construct a paralielogn 
in area to the triangle'C, and having the 
v.n'lk Kill! vimd to the yi'ivii umih I> (■'). 
Produce FG to II, through A dram All 
parallel to GB {£), ami j:n'» HI!. Thuti, 
because the straight lino PH falls upon 
the two parallel Hues FE and HA, the 
angles F and AHF arc together equal to 
two right angles (c); and therefore the 
angles F and BtiF are together less than 
two right angles; hut the angles F and 
BIIF are the interior ancles made by HF 
with FE and 1IB on the tame side ; where- 
fore, if the straight lines FE and LIB be 
produced, they shall meet (d). Let thrm meet in K, through K draw 
KL parallel to EA (l), and produce GB and 1IA to meet K.L in the 
points 51 and L ; then BALM is the parallelogram required. 

Demonstration. Because FIILK is a parallelogram, of which 
HK is the diagonal, GA and EM the parallelograms about that 
diagonal, and FB and BL their complements, therefore EL is* 
equal to FB (e); but FB ia equal to the triangle C (/), therefore 
BL is equal to the triangle <J (?). And because the angle GBE ia' 
equal to the angle ABM (/<), and also to the angle U (/), the 
angle ABM is equal to the angle D (</). Therefore the parallelo- 
gram BL constructed upon the given line AB is equal in area to the 
given triangle C, and has an angle cjna.l. to the giee/l angle D. 

PROPOSITION XLV. 
Problem. — To construct a parallelogram equal in area to a 
given rectilineal figure (ABCD) and having an angle equal to a. 
given rectilineal angle (E). 

Solution. From any angle 
D draw a line DB dia'ding the 
giem figure into triangles. Thai 
construct a paralklogram FU 
equal in area to the triangle ABD, 
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and havinq the aiv/h K f<> 
- -venule ¥.{«); «.«/«,*>» 



flit's 



■i.jhl /■„ 



ram GM e 
(o Me triangle J)BC, having 
the tm-fk Gll^l eqwl to the aiven 
angle'V. (b); then FKML mil be 
the required jxmdklagram. 

DemoX ST RATIO*. Because the 
straight linos FK and Gli arc 
P&rallel, therefore the internal 
angles K and GTIK arc together 
equal to two right ancles (V); 
but the angles K and GUM 
being both equal to the given 
angle E (d), are equal to one anotheT (e); therefore the angles 
QRK and GUM are together equal to two right angles 0), and 
therefore KH and HM are in the same straight line {/). Becauso 
the straight line QH intersects the parallels FG and KM, the 
alternate angles FGII and GUM are equal (e); hut tho internal 
angles GUM and II GL are together equal to two right angles (c), 
thereforo the angles FGH and II GL are together equal to two 
. right angles (e), and therefore FGand GL arc in tho same straight 
line (/). Then, because FK and LM aro loth parallel to GH, 
:h other (<7); and FL being parallel 
i. And because the parallelogram 
vnglc ABD, and the parallelogram 
ore the whole paraUdogrtun FKM L 
■ire ABCD (A), and has the angle K 



to KM, FKM I, is a paralM.- :rr. 
FH is equal in area to the t 
GM to the triangle DBG, ther 
is equal in aria to the v-ltok j 
equal to the given, angle E. 
" Corollary. Bv means of tfaii 
ceding it, a parallelogram can lie < 
agivL'ii rectilineal figure, an.l jim-. 
Slliylf. i'V i-m i ! l :t. r : ] i l: (."; I'm- ;;:v.- 
firJl triangle ABD. 



TROrOSITION XLVI. 
Problem. — Upon a given finite straight line 
(AB) to construct ifsquare. 
_ Solution. From the point A draw AC perpen- 



pror>o=itimi, that i mm oil lately jiro- 
']..:t: -lit- 1- I n iji-rn tl'ic cc-:::l in ai -a 1,! 
ng an angle rqnal to a given rectilineal 
line a parallelogram eipial ia area to tho 



AB (a), and make AD eg\ud to AB ( 



through the point D draw DE parallel to AB (c), and 
through, the point B draw BK parallel to AD (c); then, 
DABE is the required square. 

Demonstration. Tho eido DE being parallel to 
the opposite side AB, and the side BE to AD (d), the 
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figure DABE is a. parallelogram (e) ; and therefore 
its opposite sides arc equal (/), that is DE to Alt, 
and BE to AD ; and because AD is equal to AB <</), 
therefore all the sides arc equal (g); hut the angle 
A is a right angle, wherefore the four-sided figure 
DABE has oU iu suits fyital and one of its angles a 
right angle; therefore it is a square {h), and it is con- 
structed on the Urn AB. 

£ciiomi:x. The definition of a square, as given hj- 
Yam-M,]. vU. ■' :i ll.av.v. which ha 

tquu!. t'lnl '.ill its t:;i :! ks > b;hl c-nglf^' is m 



) I. 34. 

id. -k. 



L.] 1 1;! <U\ lis t: ;/■;:: .■ i vy^i ai/yi' j ;-. i . , ■ -iV- T. : I u ! l - '.I l:ii ii :it, 

;u:<l rc:d!v i: I V,,P. ,e-'n iSjlv'vlji. ll i- Olliy liecr-^'V to :--t:i:i; 
in the dcihiiuon that uiic of its an^loi i- a ri-riit r.i^h', mid tin- proposition 
that its reiiiainiiifl angles are ri^lil may be demonstrated as follows. 

Theorem. // n fmr-sided figure (DABE) 4c a jjaars, all its angles are 
right angles. 

I)Ei[OXSTitATioS. The opposite sides All and HE aro 
parallel f-0. thev " 1V :l!r ' ''J' th0 lir ' c tiie 
nudes A iiijiL 1) arc: ■..'■-ether equal to two n-lit mi.de.s (/>); 
but A i-i a an dc (./}, ILa^iie U i' : a ri,-Nt ande. 

Am! lieean-c in tho j ,a ra :!,:!■..■: Tai:i DAliK, ;:n: ane:.s h i.:n: 
B are respectively opposite "to A ami I), whhdi are ng.it 
nii^fe. (hcMbro K ant li rialit anjilM; then Jure 
the angles of the square DABE "re nj/K raffle*. 

ConoLr^iiV L (it'o sjuorrs are constructed 
on equal straight lines AB ana CD, tiny ore equal. 

Demonstration. Draw the diagonals KB and 
GD. Because, in tl;e trlanelcs l-'.Ai! and GOD, the 
sides EA and All are re.-iiectively equal to GC and 
CD (n), and the an;:ie A i.j the ande C, therefore 
-— equal (i). Ai:d t.ceanse the 



»■ niare:; A! 1 ' and (.'11 ai 
ilAlS ami CCD (e), tin. 

Corollary 2. If - 



of thei 



For.i 



X M. and join IK. 1 

triauLrlcs I A K and UCD arc equal (1); hut the 
triangles EAB and CCI") ars equal, lwinp balvcs 
of the equal squares AY ami CU CO. therefore 
the trian-le JAK is equal to KAI1 (rf). a part to 
the whole, vliidi is absurd: thtnfwe mithu- <f 
the silks Ali or Cll « S vta( t r f.'^n r/,e of/ier, Jut 
iheg arc equal. 

Coeolt-Ary 3. Tocrmstriict a rec.tnn-Ie under 
two piven finite straight lines V and AB. 

Sol.unos. 7-Vj?ji the /mint A draw AC per- 
p ■■;!'■''. A!! (.'J, (r.'i!,( vo All c/'fni 1' {/>); 
thnnn/h the point 1> 'If in: DK pamllnl In All (V), 
d!ii( tl:i;i>n;ii the p-.hd 11 i/rn;" UK piirnltd to 
AD (c) ; Men DAJJJi w (Ae rectangle required. 
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The side DE being pai-jlltl 
(o Hie opposite side AB, and tlie side BE to 
AD (d), the iipire DA1J1-I is :i purple If:;.-, m (:.) : 
nnd tlie angle A i< n li-rbi (J). tltcrtfure it 

U a rectangle (/), nnd i( u cuiuftKCfCii umier (ie 
imo straight Una F and AB. 



M) Conatr. 
{(•) Dt-f. 26. 
C/ )Uuf. 27. 



PROPOSITION XLVII. 
Titeohem. — Ijf a triangle (ABC) be right-angled, the square 
which is constructed upon the side (BC) subtending the right 
angle is equal in area to the sum of the squares constructed 
upon the sides (AB and AC) which forra the right angle. 

Construction. On the sides AB, 
BC, and AC, construct the squares BG, 
BE, and OH (a); through. A draw AL 
^irallel to BD (b), and join AD and 

Demohstbation. Because the an- 
gles FBA and CBD are both right 
angles (a), therefore they arc equal (c); 
add to both the angle ABC, and the 
angle FBC is equal to ABD (d). Be- 
cause the aides FB and BC are re- 
spectively equal to AB and BD (e), 
nnd the angle FBC to the angle ABD, 
therefore the triangle FBC is equal 
to the triangle ABD (/). Because 
the angles GAB and BAC are both 
right angles, therefore GA and AC 
are in the same straight line (q). Now 
the parallelogram BL is double of the 
triangle ABD, because they are on the 
same case BD and between the same 
parallels BD and AL (A); and the 
square OB is double of the triangle FBC, being on the same ba?o 
FB and between the same parallels FB and GC (A). But the 
doubles of equals are equal to one another (('), and therefore the 
parallelogram BL is equal in area to the square GB. And in the 
same manner, by joining AE and BK, it may be proved that the 
parallelogram 01 U equal in area to the square CH. Therefore the 
■wkole square BDEC w equal in area to the two squares BG and CH. 
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a perpendicular 



Scholia. 1. It should bo remarked that 
from the point A en to Ike byp'tennse lit!. 
Be and iC, nud that the square described on cither side of tiic triangle ABO 
is equal in area to the ree-an^ie under the whole hypotenuse and the seg- 
ment of the hypotenuse adj nt to the same side. 

-_». This pi-opositioil may be demonstrated in a variety of ways, but that 
adopted by Eiielid has the preference of the others. The following mode 
of proving it is given because it is capable of being generalised, as is dona 



n the third scholium. 
Consti tucnos. Upon 



', tidet AB, 

AC, and BC, construct the squares BG, 
CH, and BE; produce FG nnrfKH 10 meet 
wiN; draio'HA,aa'li>rodi:cc it to meet DE 
in L; and produce DB to meet FG in M. 

Demonstration. Tho angles MBC and 
Fl! A, being bot h ri^ht angles, an: equal (u); 
tHko from each the angle MBA, and tho 
remaining angles FB.M and ABC are 
equal (b) ; also the angles F and CAB nro 
tq-.ial, b:A:i- riuiit a«i [;]■'=■ (11). Then, 
Uvsiv.,<: in 'he 1.i-::!n»l.^ Midi lli f 1 ('All 
tixe angles F and FBM aro equal to tho 
an-les CAB sud AUG. am! Hie .-Me Hi is 
equal to AB, thordbre the rcmainim,' sides 
aro equal (c), FM to AC and MB to CB. 
Then, because FN is parallel to BH, and 
GC to UK, therefore GH is a parullclo- 
i. ami CM is equal lo Ail or AG (,/); 



cram, a 
but I'M 




A*. 1. 



o AC, ther. 
eeiud lo FM; add to end: 'lie Mli, i:nd 
FG is equal to MS. But FG equal BA, 
therefore MM equal BA, and they aro 
parallel; therefore the straight lines BM 
and AN joining their extremities aro 
equal and'paralie! (<■). and Mi! AN' is a 
parallelogram. Then. beeansc the narnlld,^'rain MP. AX nnd tile square BG 
aro upon tho same base AB and between the f:nne parallels FN and BA, 
therefore they aro equal in area (/), Also, because the parailelojrrams 
J IB AN and lif. arc tipon equal bases Ml! an 1 BD, :i:nl between the same 
parallels MD and XI.. they are equal in ar;a (if): therefore the paraBelo- 
grarnBL is equal to the square BG {It); and in like manner it may be proved 
that tho parallel uj rani CI, is equal in area to the square CIT, and therefore 
that t'i- [.'■/■ oil fl./u.-M'c BK is '.ipinl in <ir(a to the s jwirm 11G and CM. 

3. The forty-seventh propo-ition is only a pariiciihir ease of the following 
theorem, as will Ik seen bv eoi; inarini; the doinousira;!«!i given in the fore- 
going scholium with that given below. 

TireOBKM. If parallelograms (FBAG 
ami HACK ; !,■: i: .i^tnict,:i ;.■■■-.) ■■/'(.')-; 
tides (Aliand AG) t,-i,» s ie (ABC), 

and their sides (FG and KH) parallel to 
the sides of the triangle be produced to 
meet in a point (N); if a slrninld line 
(NA) he. drawn front that point to the\ 
vertex of the triangle, and if a parallelo- 
jriHn(BDEC) be constructed upon the base 
of the triangle whose other sides an equal 
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and parallel to that^t-or/hi Um., tin :i i!io lift parallelogram f BDEC) U equal 
in area to tlio two former (TBAQ and HACK). 



in the same manner it inav be proved 
that HC is equal ill area to CL, therefore 
the whole parallelogram II DEC is equal in 
area to Vie parallelograms FA anil liC. 

ConOLLAIiY 1; THEOKEU. If a pcrpcnili 

tiki (AC mid t :']'.) i- '■ r-.> t!:t diii'i-rc 

mcnts of the base (AD and DB). 

Demonstration. For the square on AC 
is equal in area to the squares on AD and 
CD («"). and tiie fqnare on CI! in e.-;u:i] in 
area to the squares on DB and CD (n); 
therefore (he difference of llii' squsi'us oli 
AC and CE i_- tiji::ti to 1 1 j ■_■ ilii/iTCnec of the 
sum of the squares on AD and C.]i, jtsifl tin; 
sum of the square on llii ;u :ilS CI) (//); or, 
tnkhie; fn.ui i-aeSi the eomiimii srpaiv tin CD, 
cyiffi/ to tli,: <lif ivi-.-c ij' (.-'iii fjiiara on AD 
u«ti the square on DB. 

Scholium. Hits theorem ^ j .1 "i v.li.-tlier llie ba>o is 
in tiie left-huwi fi.-uvr-, or tin: la-o produced if ■■<■■■■ 
the ri-dit hand, !iuc Seiioliuin to IMiiiiD'in 




(*>) I. 3C. 
(cj As. I. 



ffd' (CD) Se dratcn from the 
difference of the squares ort 
a of the squares on the scg- 




rertex of a trutni/k (AUC) <■■ 
side ami the alternate se^tii: 
squares on the other side and 



■f the squares on ot__ 
1 Dlt) is equal to the sum of tho 
' esroent (BC and AD). 



AD, and CD (■'-); or. ( : . U i ■ ■ ■ - :nv:n- the com- 
nioii fjitai-i' on CD. the fir :ii tf'l-e >'/" 'tr?* on 
AC and Dl! i.: .-7™; ro //if /(/it (i':3 
oiiCB mid AD 
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siih'f "/'the glctn square-, 
angles, and make GD equal to A and DH equal to B; 
join GH, and drum I'll perni xdkular to it; make GK 
eoiial to 0, aiut join K.H. (A ..is a square eotwliucied on 
the K1I shall be the square required. 



r the square 01 



nGKo- 




AdMfiBie sides of the 



oft. 



Draw CD < 



imitate., 
ml v ,;d*cc 



ualtothe 

side of the other' square A. /'rum. fS« 
cenffJ- D, at the tlistanee CD, describe 
the. circle CFG, through E rfru-w EE 
perp'i>di™far '» CK, io tneci the circle in 
(Am FE is a side of the required 
square. 

Demonstration. JoinDF. Thcsqiiaro 
on DF, or its equal B, is equal in nrea to 
tlic sum of the squares on DE or A, and 
on EE C°) ■ tlieixfow if the square on DE 
be taken from the square on DF, the diffen 



...p.. — ■* 

(«) L 47. 
e is equal in area to the square 

CoBOimtt 5; PROBLEM. Tofiinl L'r(>:nctrii.-a'. values of i/2, </S, 
&c. 

Soumos. JYrte AD equal to 1 ; dram CB perpen- 
dicular to AB, and '.-/»■- K,"s.r/ 1 : >'"" AC > ""^ rfraiu , 
DC p, rpaitlk"l<tr M ii «wi t'/'":i fw 1 : DA, Oflrf 
t'lvif/' DK perpendkuhr M ii «i.(/ fiwnl f» l,tfc.i M«" 
(Ae Knei AC. AD, A1-, Ssc, ni-e vetpcctlvdy equal to J I, 
^2, -/3,&c. 

DejiOSSTRATIOH. The square- on AO equals the 
;m of th-' ^icuvi on A 1 ' BL. 0) ; t:iu sfjudiv- 
on AB mill liC <::K-h ("1."al ' ('<) = Shweforc the square 
oi: AC eoiial; 2. and AC equals v'S- Asslisi, the square, 
on AD glials the -urn of Use square J on AC anil 
■ DC (nV the snis.i n; on AC equals 'i, \w\ Vm: -qnare on . 
DC wul>l<Ai therefore the «.,..:.»- on AU«,nrJs 3. and AD equals ✓ * 
Therefore the rwts „f the natural numbers 1 , 2, 3, 4, &c, nre reprs- 

unted geometrically by the lines AB, AC, AD, AE &c 
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Conoi.i.AiiY I'.v mean? of she 47; ii iirop.v.hion, riiiy two si f>F a i\-M- 
nngled triangle bcin; dvcn, the third side may be resvlily round; for if tiia 
two sides given sire ihosu which form the rii'.ht uiiiili;, the si nil of the squares 
on those two sides will be equal to the square on tho third side; and if one 
of the given Bides subtends the right single, then the square on the. third side 
]- cenal to 'in: a hie. res ice. of the squares osi the two ^iven sides. This 
Application of the '17th propositiuii to the purposes of tinJiiig the parts of 
right-angled triangles is of immense use, iind is really the foundation of 



COROLLARY 7. Tlio 47th proposition hohl; trnr. if. instead of squares, 
wo construct any similar ligureson the sides of the triangle, such as circles, 
equilateral triangles. Mo., an ! may therefore, bo ^ciicrali/.rd as follows: — 

Titi-i-iiisv. If n tr'iuttylc he right -nn'/l.:,!, n-iy fVuie which is constructed 
upon the side subtending the rid it ansi-ic is equ;il in area to the sum of tlio 
similar figures const nie ted upon the sides ivhich for! a the right angle. 

Scholium. If three semicircles bo dc-* 
refilled on the three sie* of a -aod' e 
irian-le. the area of Al;C will ihi-rc ["<>m: he 
-mi to the sum of the areas of ADD and 
HFC; if. tin iv, tioiJi each wo deduct the coiu- 
inon segments AKI! aii'l l-GC, wo have tho 
:ria:ic:e A fill equal in ares '.> ::ic sum of two 
Junes ADBK and 1J1-'CG. This proposition 
was discovered bv Hippocrates, ami v.a- tin first instance of the deter- 
mination geometrically of the area t-f a ^:ev entirely i.onudcd by curved 
lines; it led him to believe that, by means of rl.is pi-opO'iiion, ho would ba 
able to solve tho problem, to determine yc'metrically the area of the eirclu. 




PROPOSITION XLTIII. 
Theoueh. — If the square constructed upon one side (BC) nf a 
triangle (ABC) be equal in area to the sum of the squares con- 
structed upon the other two side* (AC ami AB), the angle BAC 
opposite to that side is a right angle. 

Construction. From the point A draw AD /\ 
at right angles to one of the sides AC {a), and .-' . \ 

equal to tlie other AB (6) ; and join DC. 

Demonstration. Because DA equals AB (c), 
therefore tho square on DA equals the square 
on AB (d); and adding to each the square- on 
AC, therefore the sum of the squares on DA 
and AC is equal to tho aura of tue squares on 
AB and AC (e). But the square on DO is 
equal in area to the sum of the squares on 
DA and AC (/), hecause DAC is a right 
angle (c); and the square on BC is equal in 
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area to the sum of the squares on AB and 
AC (y); therefore the square on DC is equal 
to the square on BC, and therefore DC is equal 
to BC (A). Then, hecause in the triangles 
DAC and BAC the sides AB and AD are 
equal, AC common to both, and the base DC 
equal to BC, therefore the angle DAC is equal 
to BAC (i); but DAC ia a right angle (c), 
therefore BAC is also a riglu angle. 

Scholium. This proposition is the convene of 
t'.:c ; 'receding one. 
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DEFINITIONS. 

I. Evert rectangle is said to be contained by any tiro of the 
straight lines which, contain one of the right angles. 

Sellout: M. As :.:i ; :i.iv i';;pi;ij:Md i:i '.he sdiolium to the twenty- seventh 
definition in l'.i<: former Hunk, :t rcutmylo is deMyxLtfl :ii the rectangle 
nni.hr t/i-: tn-u 1!u-:j) i'V v.-hidi it is contained. 

2. In any parallel ogram, either of the parallelograms about the 
diagonal, together with the two complements, is called a 

Pciioucm. Tims tlic shaded 
portions in tlio minesc!- fii;..^ 

SHiLik' U[i ul' til' 1 p;ll iilli:lii; -.l]L) I i< i 

it; coi;i:.J;-!U.j:.t AT 
re. or tin; !.:L:-;ill^; i'r:mi Ell and 
the siino complements, arc both 
gnomon*. 

PROPOSITION I. 
Theorem. — If there be Uiv straight lines (A and BC), one of 
which is divided into any number of parts (BD, DE, EC), the 
rectangle under the two lines is equal in area to the sum of 
the rectangles under the undivided line (A) and the several 
parts of the divided line (BD, DE, EC). 




From the 



<), and make BG equal to 
'A (i); ihro'i'jh G draw OH vamlkl to EC (c), 
" tgh D, E, C, draw UK, EL, CII, 



■w in- 



and th 

parallel to'BQ (( 

Demonstration. It is evident that the 
rectangle BII is equal to the sum of the rect- 
angles'BK, DL, Eli ; but the rectangle BIT is 
the rectangle under A and EC, for BG is equal 
to A (d); and the rectangles BK, DL, EII, 
aro respectively the rectangles under A and 
BD, A and 1>K, A and EC, for each of the 



-;) Coastr. 
;) I. 3t nudConstr. 

hue's BG, DK, EL, is equal to A (e). Therefore the rectangle under 
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A and BC is equal in area to the sum of the rectangles under A and 
HI), A and DE, and A and EC. 

Scholium. It |g of considerable Importance that the true relationship or 
connection between Geometry nud Analysis be clearly understood belbre 
entering upon the seee.ti'1 !«>■ k of the Llcmouts. The -ulucct of Geometry 
is vitiz/aittttie; that tif AiiaK .-i-. i.e., .A i ■ i ; h l : 1 i. J 1 ■ i; and . \ ] lj ■ ■ I ■ : . i . i- nu:nh<y mid 
qvantitg. In order, therefore, to a just understanding of the connection 
between Geometry and Algebra, we must first obtain a clear notion of the- 
connection between tlie subject of each, that is, between magnitude and 



unit added on to itself any certain deiinite numbc: 1 of limes forms a lino 
neither longer nor shorter than tlie given line, but exactly coinciding there- 
with, the unit is termed tl;e j'!e.!i?.'re of iu-... : and if tlie same unit is found 
to measure any other given line.*) that t i:i taken any other certain definite 
number of times, it tonus, another line exact) v equal to the second given 
line, that Unit is said to lie the (uninmn wu.-Mn .;/'lio!ii the given lines, and 
those two lines arc said to be comtnenturablt, A trait may be arbitrarily 
determined, that is to say, we may assume a line of any length that we 
please for the purpose; bus bavin;; oners determined the magnitude that 
shall constitute the unit, that magnitude must be. considered as fixed and 
unalterable. Tim-', iu any particular course of investigation, we may 
assume for the unit a line a yard in length, or a foot in length, or an iueii 
iii i_-;iu"t]i : and having din,: ;o, we .-.tmnH c>:j.ics- : :!ie Bi«.,.;)f'',..;'. of nn-- 
lii the -.ar.tib- v of lines (o:ieh or... : ■, nr. I, u >ot, or inch, :is the case might be) 
which would form a line r?i . = i :=. E iu nu-fjnitu.ie to th. joven line, lie;..', th. ;i, 
1 : .in n io:i : ctw. n.i! i ■ : irw,?.< r may ! > ;■■ 

i.h i ol iin r, .i r !'■ in i- . inv ■. : .ir m ■■■ .;ii '. I i, .ii :n . i !i n:ii i.v 

the actual exhibition of tlie line, or of another equal to it; but, having that 
idea, we are en.il.iled to 'ico.i.Liv in m.i'-iitu ie hv com]. aril..' it with another 
ftaui.ian.l line (termed a unit), the m;,:;m; m!" ef which is already familiar 
to us; and we thu.s make known she nnu; r.itiu'e of the given line, iiy stating 
the result of that comparison, or the innr.Ur of those inula which tlio lino 

Vva have hitherto assumed that the given lino has, in every case, been 
equal to a certain number of units; but let us now suppose that, having 
arbitrarily fixed upon a unit, when wo aup'v it to the given line, as All, by 
cutting otl' successive portions AC, Cil, IIK. Sc., each equal to the unit, WO 
at length arrive at a remaining portion, as 

Fli, winch is less thim the unit.; how are we, ^ c „ „ • B 

in snch a case, to determine the magnitude < — i ! 1 — l 

of the given line ? The most obvious mode 
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would be, to diiiiie one of Ihe units, as T.V, by continually bisecting it, 
until tbo portion KB of the given line ""as ijmul to be equal in length to 
some certain number of the minute equal [arts into ivliicli we bad so 
divided the unit : unit, in 01 cry ca;c in wiiidi ihif ye'oce-s could bo carried 
out, tha magnitude 0!' the elver, line would [.■;■ determined with the samo 
exactness sis if it h::d at o:iee t-r ■] nt-i- !■ :'l with ai:y clvu number of nubs; 
for wo might regard any one of the final 1 parts ioto which wc had divided 
the original unit as a now ui;Et. sisul rx|i: , -~- the length i.f the given line bv 
Stating the number of such le^cr units contained in its length. Thus, if 
tho original unit bad been a foot, and on riptil'. ini- it to tho given line wo 
had found it contained i'uin- times, together with a remainder less than a 
foot; hut that, on dividing the unit into twelve equal |>arts, the remainder 
was found to bo precisely equal to eight of tiiose twelfth-parts, wo could, in 
such case, declare the le'ti.ah of tin oriyjna! line by staling it to be equal to 
that of SIS units, each a twelfth of a foot, or one inch, in length. 

It might be regarded a3 almost self-evident, that this mode of measuring 
n line could olw:iys be iidnj red: that, in fact, whatever might be the com- 
parative lengths of the unit AC and tbe remainder J 'Li, by a sufficiently 
minute subdivision of [he former, wc cot: id ale, nys arrive at some new unit 
which would he contained in tbe latler a certain delinite number of times; 
that if, for instance, it was not found to be equal to :i:,v definite, number of 
hundredth- parts, it me/Jit be of thousand:.!)*, or n.illiorjis, or even of some 
much more minute division. Hut it may be demonstrated that this fre- 
quently cannot be done: Hint, in fact, ceil:: in J hie; have no unit or common 
measure, however minute, by which they can be both divided without a 
remainder; and, when such is the ease, they are said to be incommensurable. 
The following lemma is introduced as an instance. 

Lemjia. If two straight lines (AT! and BD) are the side and diagonal cf a 
square (ABCD), they are incommensurable. 

CotvsTnucTtos. from BD cut off RE 
equal to AH (eQ; through E dram EF 
ti. rpe.adkular to Hi) (l>), and produce it to 
cut AB in F. Join AS, 

Dkmoxstimtioh. Because the tri- 
angle ADE is isosceles (c), tho angles 
DAE and DEA are equal (d). Thau, 
because DAF and DEF are botli right 
angles (c). they are equal ( e). Therefore 
if the equals DAE and DEA be taken 
from the equals DAF__ and DEF, the 

AFe! tte 1 two angh'sVAE andFEA aro 
equal, therefore the opposite sides AF and 

BE F° fte^angletf ^B e' ajid' BF E are"* vi- 
dcntly each cqunl to half a right angle, 
therefore tho opposite sides BE and FE 
DM equal (j). Complete the square HE, 
ami on its diagonal l-'ii lahe I'll eijual to BE or .AF (ir) : wherefore the Cx- 
cess BE of the diagonal [ID bevorel the fide All Is contained twice in that 
Eido with a remainder GB ; and" GB being itself tho excess of tho diagonal 
BF beyond the side HB (of the square, ill',) is contained twice in that side 
with a remainder i,H. winch will asaiu be contained twice in tho side KB 
with a remainder; and this proccssof subdivision might be carried on witli- 
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iccies ot magnitude a 
y kind of magnitude, ' 
(, it being only Decent 



ployed for tfic m 



it of a. 
to the 

square unit. Thuo if :t iiiirur f,mt hud been assumed hp the meitsure of a 
lino, the ttpiart ■■« v.vuid be employed us that of a surface, and tlio cuSic 
yiei! as that of a solid. 

Let A1KJD be. a ivetuiiile wlio-e two sides are 
comment rub!,-, the side All rontaining four units, 
iitid liC seven units; and let those sides bo divided 
respectively into four mid seven equal pirts, and 
lines drawn tlnouirh the pe.i:;!s. of division perpen- 
dicular to the divided side. "Xow it is evident (lint 
each of tho portions E'sto which the rectangle 
ti.,. D JbM^t o ...,t t| au( i u the u 



that i 



rrcttngVe jm\m found, by "fulKi't^S^fte Uv^numWswllicU 

rectangle is a iquare, the number of units in each of the two contiguous 
sides being the same, we have to multiply that number by itself to obtain 
its magnitude in f-rsis.ii'C units: an I lieuee the term square, which is ap|iiie<i 
in Algebra and Arithmetic to the product of a number multiplied by itself. 
It is, however, important that (he lenn square in (leomclry sliontd not ba 
confounded -with that in Arithmetic, r-: .r which eii'i r/e ppeak of a squaro in 
Geometry as the square an a lino, that in Arithmetic as the Square of a 
number, it. would, however, in: heller in the i liter case to avoid ulli^elher 
the use of the word square, and to substitute the expression the pouter of a. 
numier. Thus if a represent (lie luuiil.e:' of linear units contained in one 
side of a square, the product of a multiplied by itself, or a*, will equal tlio 
number of square unit.; in (he square: and similarlv. if b represent tlio 
number of linear units conlnined in one side of a rectangle, and c the 
number iu the contiguous one, i multiplied by c, or b . e, will express the 
number of square uohs. in the rectangle. 

It wil! thus be seen that, by means of this symbolism, we can represent 
and express the magnitude of tuiy_ rectangle^ and deduce algebraically all 

as no common measure or unit'cnii exist by means of which their lengths 
can be stated, no definite numerical value can be given to b and c, and 
theivfiiiv tin. niM-liit mil- of (he reeiuiude c:;:i:,o; be t:r.;;-!li/ found iirithllle- 

tically, although, in practice, by a minute Eubdivision of its sides, its mngui- 
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tudc may bo determined within any amount of exacting that may bo 
desired. 

In considering the property- of linos :il"r-b:-nicnl!v. it is necessary that 
tlicy Bhould always bij measured ii; Ihe same dhi-eiion. that is, either nhvara 
li.-.ij! i-ijrlit to It; it. or from I ■ ■ 1 1 to iii:hr.; but it', in the funic invest ig:iti>j:j. it 
is found necessary to measure one or more of the linos in a contrary 
direction to the others, the lmiimitade of sneli line or lines must bo con- 
sidered a.; hiving a negative value, and any al::i:l ijj-a: quantity j;-n:i»I 
as representing tliat value must have tlie ruiiios sL-n ( — ) |irefis:od to it. 

Having thus pohitoi! oul both tlie commotion ami ihe diii'erence between 
ramil -.a- ami ::LLiL'::iti:do, y...- .-.nail ;;irt:i!! to sue!i i.i' t lio pro[-.ositn..:):- in tin; 
second book as admit of being so demonstrated an algebraical investigation 
and proof. 

Theorem. If there be two numbers (a and b), one of which is divided info 
any number of 'part* (ra, n, p), tlie 
thii Mini 01" tin.' piYiiini'ts of the no 
Of the divided number (m, n,p). 

Demonstration. By the hypothesis— 

i=m + t + p. 

Multiply these equal quantities by a, then * 
&. 0 = ( m + n+y). n ,or 
ab = «,m + an + a p. 
CoROIXARY. If two tlrahht liar* (AB anil RC) be. each of them divided 
into any number '"/' pnrte (Ail, i'l'l, Kli. ami 1'.) '. KG, CiC), tho rectangle 
under the two lino', is equal in area to the sum of all the rectangles under 
all the li irt- of ti;-> i.u-'. i:i!;en siminvel ■; :■:[:■, all the parts of the other. 

For the rectangle under AH and HK Is equal ill 
area to the sum oi lb-; ivolaiades nnd.-: Ill' am: \i>, 
BF and DE, and UK arid KM; also tho rectangle 
v nisei- A Hand Kii i- en mil in area to tlie sum of the 
rcctancles under K(; 'nnd AD, KG and DK, and FG 
and EH ; and the rectangle under AB and GC isequal 
jn area to the sum of tlie i. ■(.■.tansies un a ;- di: una 
AH. til' ami iH-:. ami lit; and KH.' Hut tiie reet- 
a-i"le under AH ami 1>C is equal in area to tlie - no 
u; - : ,lm jveiamdos nod,.,- Alt ami UK. AH and Ri. 
and AB andGC; therefore it is r'/ual in ur*» t<> the sum of till tlie rectangles 
■smder all tlie parts of the one, taken separately with aii the parts of the other. 
'The above corollary, stated i-l^ela-a ioaliv, v. ill !:e as (Vdoivs:— 
If two numbers (a mid A t be t-ieh „f l/um <!!?;<!■ J u,<; kj.-.v :i,<mher t,f pnrls 
(m n p ami q, r, s). the :o-.-.l:n;t of ll:o t.v.v. unmans is ,-,m.il to tiie sum of 
the products of all tho parts of the one, multiplied by nil the parts of the 
other. 

For by the hypothesis— 

a = m + n + p, and 
b = q + r + s. 

Then if we multiply the first member of the first equation by 6, anil lbs 
Becond member by its equal (q + r + j), we have 

a .b = (m + n+p).(q + r + s), or 
a b = m y + «■ q + P S + mr + * r + P r + m 1 + * ' + P * 
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PROPOSITION II. 

Theohem.— If a straight line (AB) be divided into any Uca 
parts (in C), tlic rectangles .under the whole (AB), and each of 
the parts (AC, CB), are together equal in area to the square 
on the whole line (AB). 

f-'nyisf RrrTio>". On. All f.n-'nict th.-i sy.ire ■ r i- 

ADEB (a),'and throvgh C draw CP parallel 
to AD (S). 

Demonstration, It is evident tliafc the square 
AE is equal to the Bum of the- rectangles AF, 
CE ; butr because AD is equal to AB (c), the 
rectangle AF is the rectangle und.cr AD, or AB 
and AC; and because CP is equal to AD (d), the 
rectangle CE is the rectangle under CF, or AB 
and CB. Therefore the sc/mre AE on the whole 
line is equal in area to the rcctnnales AF and CE 
■under the whoU line and its parte. 

Scikm.icm. This prnpo.it ion. liijol'micixliy expressed, i 
TnEOHKM. If a number (o) be divided into any two parts (m,n), Hie pro- 
ducts of ttio wh"li.' i.uii:bL'v W'l i-.-.-.-V. of the J :ivis Lire to.ii-lli'.'i' C'Hi.'.l to it>o 
number multiplied by itself, or to the second power of tliut number. 
Demonstration. By tho hypothesis — 

Multiply these equal quantities by o, then 

• a . a = (m + n) . a, or 



00 I. V, 

m i. bi. 

00 Oonrtr. 

(rf) r. 34. 



s follows :- 



PROPOSITION III. 
Theorem. — If a straight line (AB) be divided into any two 
parts (in C), the rectangle under the 
whole line (AB) and one of those parts 
(CB) is equal in area to the square on 
that part (CB) together with the rect- 
angle under the two parts (AC and CB). 

Construction. On CB construct the square 
CDEB (a), and throuqh A draw A V pun'/Jd (oj I. 4G. 
to CD (&) until it meet DE produced in. P. W 31 - , _ _ , „„ 

Demonstration. It is evident that the (d)Constr. 
rectangle AE is equal to the square CE, 

together with the rectangle AD ; but the rectangle AE is the rect- 
angle under AB and CB; for BE is equal to CB (c), and the square 
CE ia on CB (d); and the rectangle AD is the rectangle under 
d 8 
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AC and CB, for CD is equal to CB (c). Therefore the rectaagU under 
AB and CB is equal in area to the square on CB, together with the 
rectangle under AC and CB. 

Scholium. This proportion, ai-i'ln-aiciLl!}' expressed, is as follows: — 
Tiieokkm. If (i number (n) be divided into any two parts (m, »}, the pro- 
duet of tlio who!'.! uui:iliiT mid one of [lit- p-.n r- I; ciiul to tlie proiluet of 
that part multiplied by itself together with tlie product of the two parts. 
Dejionstiiatioh. Uy tlie hypothesis— 

. = » + «. 
Multiplying these equal quantities by m, we have 
• . n = (m + »).*, or 

PROPOSITION IV. 

Theorem. — If a straight line (AB) be divided inte any tuo 
parts (in C), the square 011 the whole line is equal in area to 
the sura of the squares on the parts (AC and CB), together 
with twice the rectangle under the parts. 

Coxstbccttov. On AB construct the square 
ADEB (a), andjoiu BD ; through C draw CF 
parallel to AD (£), and through Q draw UK 
parallel to AB (S). 

Demosstkatiojt. Because the line BD in- 
tcrsot-ts the parallel lilies CFand AD, it forma 
the external angle BGC equal to the interior 
opposite angle BDA (c); and because the tri- 
angle ADB is isosceles (<?), the angle ABD is 
equal to the angle BDA (e); therefore tho 
angle BGC is equal to ABD, and the side CG 
to CB (/). And because CGKB is a paral- 
lelogram (d), the side GK is equal to CB, and 
BK to CG (g), it is therefore equilateral. Also 
because the lino AB intersects tho parallel 
lines CF and AD, it forms the alternate angles 
A and BCG equal (e), therefore the angle BCG 
is a right angle, and CGKB is a square on CB (A). And in the 
same manner it may bo shown that the parallelogram HDFG is 
also a square on AC, beeause HG is equal to AC (g). Further AG 
and GE aro together equal in area to double the rectangle under 
AC and CB, because AG is equal to GE (i), and AG is the rectangle 
under AC and CG, which is equal to CB. Therefore the square 
ADEB on the whole line is equal in area to the sum of the squares 
HF and CK on the parts of the line, together witJi twice the rectangle 
under those parts. 

Scholium. This proposition, algebraically expressed, is as follows:-— 




L.'u I z j'j L 1 ,■ 
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TiTEOTiEu. If a member (a) be eSftded into nay faro parts (m, n), the 
second power of whole iiiiruiior is equal to the sum of :!ie second powers 
of tho ]iiirti, tog. -[lit:- with twite the jiro luei of the parts. 

DijiiresiiiiiiuN. IV.- [lie hypothesis — 

Squaring both sides of the equation— 

a' = f> + *)=, or 
a' = m» + 2 « » + **■ 

Coitoi-unr 1. //" n straight line (AB) Je divided into any number n/ 
wjmfiiii (AC, CD, i>S), the square on the whole line is equal in aren to tho 

under each pair of segments. 

Dkmonstiiatios. On AB construct tie square * _ c o n 
AEl'II, „«</ jumV.W: through G and D draw CG 
oiui DH pamU, i !■/ A V„ and thr,-,u : ih V and O 
(7ruw KM and 1L parallel to All. It may tlien 
be shown, hy similar reasoning (o that in tho 
liii-tcniJif mvpo-iikei. iY.nl ilio f : mares KG, XI j, 
and DL are rcspeetiveU- constructed on AC, 
CD, nnd 1)1); ami furl her, that [lie rectangles 
IP and PH are equal to twice tho rectangle 
I'lul.T AC iLiul (.Tt.th.it Ihe rte tangle.- t-O arid 



* 2. If a straight line AB ia 
l tho 



double segments AD, CB, together with ti 
the reetangle under tins extreme segments AC 
and l)li, ore equal in urea to tho squares on tho 
y.-hule line AH ai.d tii'j middle segment CD. 

For it is evident that the squares IH mid 
CM, together with (lie ret tangles AN mid Qr, 
:ivi; equal in area to the square AEFB, together 
with the square HQ. 

CnnoTJAHY 3. Iffrnmeitherendof thcfcipotmuM(AB)ofarMt-anglrd 
ti-i.iwj',- ji'irl.i lie cid- <;■,','' i wwi di the adjacent, i, tlie square nn tin' miad;.; 
" " — * ' : - 1 : " ■ — to twice tho rectangle under tho 

. _____jon. For tho straight line AB 
beim: divided into three parts, tho squares on 
All iui'1 CIt, tegidher with twice, the rectangle 
under AC and DB, aro equal in area to tho 
squares on AB and CD (u). But the squares 
on Ali and EB, or their equals AD nnd CB, 
arc equal in area to the square on AB (i). 
There I't ire, taking these equals from the former 
equal*, ire /tare ticice Ike rectangle under AG 
oud DB cqml in area to the square on CD (c). 
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PROPOSITION Y. 



Theorem. — If a straight line (AB)Se bisected (in C), and 
also cut into tico unequal parts (in D), the rectangle under the 
unequal parts (AD and DB), together with the square on the 
line (CD) between the poiuts of section, is equal in area to 
the square on half the Hue (CB). ■ 

Construction. On CB construct the 



TO 



square CEFB (a), and join EH; throvah. 
D draw DG parallel to CE (£), through II 
draw KM viira'it'l to Alt (/<), through 
A draw AK parallel to CL (j). 

Demonstration. In the parallelogram 
CF the complements Oil and IIF are («) 1.46. 

equal (c); and because AC is equal to 0') '■ ;iL 

CI! (,/), ALisewal to CM ; therefore t be W I/V. 

rectangle All is equal in area to the S# ^ th - 

gnomon CMG (e). To each of these add W) u\ 4, 'cor. 4. 

the square LG, and the rectangle All to- (jz) I. 34. 

gether with the square LG is equal in 

area to the whole square CEFB (e). But, because DH is equal to 
DB (/), AH is the rectangle under AD and DB; and because LH 
is equal to CD (g), LG is the square on CD, and CEFB is the square 
on CB. Therefore the rectangle vnder AD and DB, together with the 
square on CD, is equal in area to the square on CB. 

■SciiOUA. 1. This proposition, iil^cl'mk-iil!;.- orqii'tf Ci], is as follows:— 
Theorem. If a number (a) be divided into two equal pnrti (m, n), and 



DEiiossTRATios. Lot p bo the prcater of the unequal parts, and d tho 
se between p and in; then by the hypothesis— 
p = m + d, and 



p . 2 = (m + d) . (m — d) = n 
and transposing, we obtain 

pq + d> = m>. 
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the rectangle undo: 

For if AD and DB bo cousidc 
Jiaif their difl'orcnoe, and AH tl 



d the 



Ur-lr Hi 



<:oh(!M,art 1. The rectangle under the sum and differe 
(C25 and CD) is (:.]iia: in :hl ;. iu the uiii:rence of tho square 

Demonstration. For tho gnomon I,[1G is a 

■ the dillercnee h<'t'.Ve!jn she -euare u:: Cli ami [ 
the square on CH. lint the "nusnon I.IiG is 

equal in area to the rectangle under AD and k 

. Kiif-i): 1 im;t,e l :au-.'Ai-.'i..-.|H:i! [n <T.. ihere- 
ibre AD is equal to tin; sum of CIS mid CD, ' 
and DB is equal to their difference. 

Scholia. 1. The foregoing corollary, ok- ("] 
pressed algebraically, forms a theorem of the 



For (« + 6) . (a - b) = + al - a I - {* = »*- 6 s - 
1. When a line is ilivikd in:o !ao pari?, the rectangle under those parts 
is a mar/mum, or the greatest p'isstiM', when the line is bisected; and the 
sum of the squares on. those two parts is then a minimum, or the least 

Corollary 2. If a perpendicular (CD) ba draim from the vertex of a 
tcaltne triangle (ABC), the dillercnee of the squares on the sides (AC and 
CB) is equal in area to tivimi the reef an^lc under the base (AB) and the 
■■ ' ' ■ ' : it from the perpendicular. 



angle tinder tho sum and diceroticc ei 
the segments AD and DB (&"); hut when 
tho perpendicular falls within the tri- 
angle, the bn?e Ali is equal (o their sum, 
and the distance l)K of its middle point 
from the perpendicular to half their dif- 
ference; lbe:-efu]-e I. in: tliF- r-nee of the 
squares on the tides AC ami ('!'■ if njiml in arei to iir&e the rectangle VTider 
AB and DE. And when tho perpendicular falls without the triangle, tho 
base All is equal In ihe i!i:!'i-r:-ii.-o uf Ihe tej;us. All and FSP, and :!ie 
distance DE tu half Iheir s;un; and Eherriorc, its this ease, the tUp.roin: ,f 
the squares on the sides AC and CB is equal in area tu tmice the rectangle under 
AB and DE. 

Scholium. From the foregoing corollary we derive the following rale 
for finding tho area of a triangle of which the three sides are given. Divide 
tho difference between the second power of the two sides of the triangle by 
twice tho baso; odd half tho base to tho quotient, and subtract tho second 
power of the sum from the mtoihI ■■,<■. ive;- >■:' the greater siiie; the remainder 




M t47,a 
(6) n. 5, ec 



io area of the triangle. 
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/AC ! - CK ! 



Agy 

2 ) ' 



CD', 



AG-- 



nnd may lio demonstrated algebratcnBjr 
in the following way : — 

CD* = AC* - AD* (I. 47). 
Then, by the preceding covolliuT, 

AC 5 — CB 1 = 2 . AB . DE, 
and dividing both sides by 2 . Alt, 




Then, since AD = _ + DK, substituting tiie above ralne of DE, 



AD = 



AC 1 - CB 1 , AB 



2 . AB 2 

\iiii.Nj value of Al> = k!i-!h uti-tl in tin: i-:i'.i:r.:0!) iilmve. gives 
V 2.AB ^ % ) 



PROPOSITION TI. 
Theorem. — If a straight line (AB) be bisected (in C), and 
■produced to any point (D), the rectangle under the whole lino 
thus produced (AD) and tbe produced part (BD), together with 
the square on half the line hisected (CB), is equal in area to 
tho square on the straight lice (CD) which is made up of the 
half and the produced part. 

CojfSTBucTioiT. On. CD construct the square 
CEFD (a), and join ED (£); through B draw 
BQ parallel to CE (4), through E'drau, KM 
parallel to AD (i), and through A draw AK 
parallel to CL (i). 

Demonstration. In the parallelogram 
CP the complements CII and HP are 
equal (c), and because AC is equal to 
CB (if), AL is equal to CH; therefore AL is 
equal to HF (e). To each of these add the 
parallelogram CM, and the rectangle AM 
la equal in area to the gnomon LTJG f^- 
and to each of these add tho square I 



OH 



§1%: 

■</) H.v|«>t!i 



) Hypoth. 
) Ax.1. 
)Ai. 3. 

and the rectangle AM 
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together with the square LG is equal in area Cf) Ax. 2. 

to the whole square ClvPI) < / ). But because (?) H- 4, cor. 4. 

DM ia equal to liD {<:), A^t is the rectangle <*•> L3i 

under AD and DB; and because LII is equal to CB (h), LG is the 

square on CB, and CEFD is tke square CD. Therefore the rectangle 

under Al> and DB, togetlier with the square on CB, ii equal in area 

to the square on CD. 

Scholia. 1. This proposition, algebraically expressed, is as foEou-s:— 

Theorem. If a number («) be divided into too equal parts (m, n), and 
tir.y other numli-r ( p) he tnhai, tlio product of the sum of the two nnmbcrs 

(■■i 1 ;0 a n- 1 i.f tin; :amiln:r so ( isiti'ii ( p). together with tin' second power 

of half the number divided (m Or n), is equal to the second power of the 
sum of half that number and the liumbcr taken (m and p). 

Demossthatios. By the hypothesis— 
S m — a, 

therefore 

( Q ^-J 3 ).J ^ ^-M'-{2 m + ^) ).p + m' = 2> n J,^-y I + m ' = m I + 2mJ>+^ , . 
But 

n , + 2mj)+ 2 )*=.(m+j)) , J 

there fore 

(«+J>}.j» + m S = (M-f-J>)*. 

2. The fifth aii'l sixth propositions art! really identical: for it has been 
already shown that the filth may bo otherwise expressed, as in the second 
scholium annex ml to that ] ■i , i-- 1 >r-=-ii iuii. and (lie sixth may likewise be so ex 
pressed; for if All and 11 J J be coji-i I i ■ :;ic '.wo litif-s, CD is half their 
sum, CB half their difference, and AM the rectangle under them. 

Cop.oi.lary 1. If three Hat 
under the extremes, together \ 

Demokstiutkw. For the line3 AD CD, and 
BD are in nriilnn-ti.-d progression, having a 
common difference liwviusc AC- cotuiIs CB. And 
the rectangle viukr the isj-trnuts AD and BD, to- 
getlier with the square on tlie common difference 
CB, is equal in area to the square on the mean 
Cl)(«). 

Scholium. Three lines nrc said to be in arM- 
"ie difference betwee 
■A to I lie iiiiteronce be 

5 then termed the common 

Corollary 2. If a straight line (CD) be drawn from the vertex of an 
aceki triangle (ABC) to any point in the base or 'the base produced, the 
:tanp]ii under the s^-uiiails of ti.e l.a-e (A i 1 mid DP.) is cn:al in irca :o 
i: liiV'_-r,-:)Hj.-. ':ii-t-.vci ii tlio squaw o:i this line (CD) and the square on either 
le of the triangle (AC or BC). 
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li. an J the 
and DB it equal in area to I 
difference betwetn the sum 
the squares on AB and CE, 
the square on AC (c), and t 
sum of the squares on DI-, .11 
CE, or the square on CD (c). 



Co) L 10. 
Ibi -II. 5 or 6. 
(4 L 17. 



PROPOSITION VII. 
Theorem. — If a straight line (AB) be divided into any tiro 
parts, the 6um of the square on the whole line (AB) and the 
square on either segment (CB) is equal in area to double the 
rectangle under the whole line. and that segment, together 
with the square of the other segment (AO) 

Construction. On AB construct the square 
ADEB (a), and join DB; through C draw OP 
parallel to AD (4), and through Q draw -Mi. 
parallel to AB (i). 

Demonstration. The square on AB is equal 
in -area to the rectangles AK and GB together 
with the square HF ; add to both the square 
CK, and the sum of the squares AE and CK 
is equal in area to the rectangles AK and CE 
together with the square HF (c). But because 
CB is equal to BK (d), AK is the rectangle 
under AB and CB; and because BE is equal 
to AB {«), CE is also equal to the rectangle 
under AB and CB; and because HG is equal 
to AC (/), HF is the square on AC. There- 
fore, the sum of the square on AB and the square on OB is equal in 
area to double the rectangle under AB and CB together with the square 
on AC. 

Scholium. This proposition, algebraically expressed, ii as follows:— 
TnEOREM. If a number (a) be divided into two parts (m, n), the Slim of 
the second power of the whole number (a) ami tho second power of either 
of the pnrts (m) is equal to twice the product of the whole' number and 
that part, together with the second power of the otber part (n). 
Dbwonstratioh. By the hypothesis— 



fo) I. 46. 
(ii f. :ti. 
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therefore j » a ■ 

- a' + a' - 2 a ?i + n." 
= 2a 5 - 2o» + fl. s 
«.SU{« -») + »', 
and substituting Tor (n - n) its equal m, we have 
tt » + m*-2 aBl + *» 

ConoLiAjiY. If we consider AB and CE as tiro independent lines, and 
AC as their difference, the foregoing prO|'u-=iEii>;i may ha thus expressed: — 
Theorem. The sum of the squares on any two linc3 is equal ii 



PROPOSITION VIII. 
—If a strait/lit line (AB) be divided into any two 
parts, the square on the sum of the whole line (AB) and either 
segment (BC) is equal in area to four times the rectangle under 
the whole line and that segment (AB and BC), together with 
the square on the other segment (AC). 

Construction. Produce AB until BD is 
equal to CB (ri). On AD construct the ?,qvnr<: 
AEFD (6), and join ED ; through C and B 
draw CH and BL juiridld to AE (e), and 
through K and P draw MN and SO parallel 
to AD («). 

Demonstration. Because GK is equal 
to GB (d), CB to BD (e), and BD to KN 
GK ia equal to KN (/), and thereforo tho 
rectangle GL is equal to the rectangle EF; 
and because AK and KF are complements, 
they are equal ( ■/ ■■.. therefore AK is o.pi.il 
to GL (/). Because GK is equal to KN, 
therefore GR is equal to BN (h) ; and be- 
cause Ml' a;ul PL arc «nupii:uiems, they 
are equal (y); adding these equals together, 
the reeliin^lu M 1' together with the square 
BN is equal in area to the rcetangle,GL (i), 
and therefore to its equal the rectangle 
AK (/). Therefore AK, GL, and KF, together with MP and BN, 
are equal in area to four times AK ; but AK, GL, and KP, together 
with MP and BN, and the square XH, mate up the whole square 
AEFD; therefore the squsire AEFD is equal in area to four 
times AK together with XII (f). But because BK is equal to 
BD (£■), and BD to CB (e), BK is equal to CB (/), and there- 







/ 




A 




: 1 


: — i 





(<i) 1.3 and Post. 2. 



ft) Cuiirti-. 
(/>Am. i. 

(,) Ax. 2. 
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fore AK is the rectangle under AB and CB; and because XP is 
equal to AC id), XII id the square on AC. Therefore the square on 
the sum of Ali a. -id lib t> fjii".' >',> arret to '•>■<;* limes the rectangle 
■under AD and CIS, toother with the square on AC. 
Sciiomuh. Tlie foregoing proposition, algebraical ]j- expressed, is as fol- 

TjtEiiliKir. If a n'nnh <■ {<•') l>- tV> i,l, ,! i:,ti, f„;o parts (m, ti), the second 
power of the sum of tlio ivlioiu mmiL.cr Mini cither ;>t the parts (a -J-™) » 
equal to four times the [inj'liiet of [lie iviiole number (u) and that part(m), 
toi^hi'r with second iio'.vcr of the other part (n). 




therefore 

(a + «.)' = (2 a - n)' - i »• - 4 « » + it* = * a (a, - n) + *«, 
and substituting for (a — n) its equal tn, we hivo 
(a + .«)*- *«« + »*. 



PROPOSITION IX. 
Theorem. — If a straight line (AB) be bisected (in C), and 
also cut into tieo unequal parti (in D), the sum of the squares 
on the unequal parts (AD and DB) is equal in area to double 
the sum of the square on half the line (AC) and the square on 
the line between the points of section (CD). 

Construction. From the noint 
C draw OF, f^ndle.ul-.tr (a) and 
equal to AC (i), and join EA and 
EB; through!) draw DF parallel, 
to CE (c),-and through F draw GF 
parallel to AB (e) ; and join AF. 

Demonstration. Because inthe 
triangle CAE the sides AC and CE 
are equal and the angle ACE a 
right angle (e), the angles CAE 
and CEA are each equal to hajf a 
right angle (J) ; and in the same 
manner it may bo shown that the 
angles CEB and CBE are likewise 
each equal to half a right angle; 
therefore AEB is a right angle. Then because OF is parallel to 
CD (<■), the aiiirtc L' i- c<(Vt;il to the ii.leiior und opposite angle 
ECB (g), therefore EGE is a right angle ; and in the triangle EGF 
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the angle EGF being ari.'ht ^nirk', 
and the anglo GEF half a right 
angle, the other angle GFB is also 
equal to half a right angle (h), 
and these angles being equal, 
the sides opposite to them, GK 
and GF, are also equal (t) ; and in 
the same manner it may be shown 
that FD and DB are also equal to 
each other. Again, because in the 
triangle CAE, AC and CE are 
equal, and tho angle ACE is right, 
the square on AE is double tho ,/.( |j 47. 

square on AC (f) ; .mi l i>cc;i!i-c in {() 1. 3-1! 

the triangle GEF, GK and GF are 
equal, and the angle EGF is right, 

the square on EF is double the square on GF {£) ; but CD is equal 
to GF (£), therefore the square on KF is double the square on CD; 
and therefore the squares on AE and EF, taken together, are 
double the squares on AC and CD taken together. But because 
in the triangle EAF tlie angle AEF is a right "ngle, the sqmre 011 
AFis equal in area to the squares on AE and EF taken together (f ); 
therefore the square on AF is double tho squares on AC and CD 
taken together. But because in the triangle DAF the angle ADF 
is a right angle, the square on AF is equal in area to the squares 
on AD and DF taken together ft); therefore the sum of the squares 
on AD and DF is double tiie sum of the squares on AC and CD; 
but DF and DB are equal, therefore the sum of the squares on AD 
and DB is equal in area to double the sum of Oie square on the line AC, 
and the square on the lini CD. 

Sc-holia. 1. The foregoing proposition, algebraically expressed, is as 
follows: — 

Theoiiesi. If a number (a) be diruhd into two ez/unl parti (m, «), and 
ah<i into turn uw/n'il paru ( r . v ). ;);,.■ sum ni" tin' wcniui ]wwcra of tho un- 
equal parts Q; and </) is i.v:i:il tn tv.-ioj the sum ■ ■( tin- m'ouli.I lowers of halt' 
the line (m), ami of the dull-rcnce between Dither of the unequal parts nud 
equal parts. 

DEJtONSTnATtoN. Let p be tiio greater of tiic unequal parts, and d tho 
dili'erence between p and »; then by the hypothesis— 
P = m + d, and j <= n — d, 

therefore 

p* + s 5 = (m + d)* + (n - <Vf = + 2nd + d 1 + n> - 2nd + d*. 
Hut by the Isyputheiia ai = n, therefore 

p> + S*-2m* + 2d*.. 

1. The foregoing proposition holds true if. instead of squares, wo cou- 
•truct any timiVur figures 011 tiie reactive lilies, mull as similar segni en ts 
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of eirele.-. or nsiy fimiHv ir:-.\:ri:].'ir 
%ur«s: thus the sum of the seg- 
ments C and D it double [he =11111 
of tho segments A and II, mid the 
sum ui' Hie ii^urtM (I imil H is 
double the sum of the figures E 



Conor.LAjiT 1. Theorem. In a triangle (MIC) if a Viae (AD) &e 
itt vertex t.t bisect its hue (RC). Vue sum of the squares on. the 
f [■'!"; (All ami AC) Is j'jiiiil in area :a di'iiMr ti;o ;;ir:i of the ; -:nt.ive 
half tho base (BD) and 011 the bisecting line (AD). 

DpjionstrATios. Draw AE perpendicular to A 
BC (0). Then beeaus.i AMI! is 3 ritflit angle, the 
square on All is equal in area, to the sum r>f the 
squares on BE and AF. (*); and because AEC is 
n riplit an trie, the square 011 AC is equal in area 
to the Bam of tho squares on EC and AE (i); 
therefore the squares on AB and AC, taken to- 
gether, are equal in area to the squares on BE 
and EC and twice the square on AH taken to- 
gether^). But beca me tin; line BC is cut equally 
in D and unequally in }i, the squares on BE and 
EC, taken together, are equal ;u twice the squares 
on BD and I>E taken together (<i) ; therefore the 
pquarcsoi-. A linn.; AC. taken Mother, air equal in -i 
tin.- -quaii-.- ]'.!>. DM, am! AK. Hut (lie square on . . 
the squares on 1)!: and AE taken logc-ther (A); therefore On: turn cf the 
tr/unres tin AB and AC is cwsl in ttrai'tj do'Me the sum of the . 
BD and AD. 




. if (A) in 
the line (BC), the 

double tho st — ' 



f the 



ie(BC). 



For the base of the irh.n-le A !1C is bisected by 
tht! radius AD (a), and therefore the sum of the 
squares on its two sides All and AC is equal in 
area to double the mill of the Kpnrw on hali the 
haso BD, and on the bisecting lino AD (t). 
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glcs BEC and cub 
tfm si.U' UK is l-. jriiil 
to CD («),tfio side 
IS^-.-iaiiooiitui oth, 
iuid the angle EBC 
equal to the anglo 
BCi '. the opposite 
siiii-.- C1-: jirnL P.Daro 
equal (5); and be- 
cause the diagonals 
lilsectcach other in 
F (c), BF and CF are equal. Then in Ihe Irlnuele AP.D, the mm of the 
squares rin the Live side All and A I ) i.s e.:n:d i;i to double; t lie Hum i.l" 
the squares 0:1 hx'A the b:i;e 1 If. and or. th^ I i!.;.-itit,;: due Al" ((,'): a;:d in th'.: 
triangle ACE the nun of (lit rquares on the tu n -ides AC and AE is equal 
in area to double tin- sum ot' the- squares on bad" the bi£C CF, and On the 
bisecting line AF (1/); therefore (he sin-: »f the n'/'mrts 'M AJi and AD is 
equal in area to tin- sunt ij the .quarts oa AC and Ali (;). 

COBOUiABT i. Theorem. The squares on the sides of a quadrilateral 
figure (ABC II) arc together equal 1:1 area (.1 the sum of ilie squares on the 
'iiaL'oiial.', tf>i-;.-ti ■. . : ! 1 1 :■>■■;.( r i : 1 u-j 3 L uaii oil the line joining thdr 
uiiddle points (E and F). 

rjEitONSTrMTios. Dram Ali and « n 

EC. In the triangle ABD the sum 
of the squares 011 Ali and AD is 
equal in area to twice the sum of the 
squares on Ali and ED(«); and in 
the triangle CDB the sum of the 
squares on CD and CB is equal in 
ami to twice the sum of the squares 
on EC and ED («). But the sum of 
"'e squares on A Li ami EC is equal to 



a liF a 



i r: (,r) 



lea BA. 



1 BD and AC togctht 




For in this c 
vanishes, whonc 
corollary. 



0 points E and F coincide, anil therefore the line EF 
-ruth, of thia proposition is evident lxoin the preceding 
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PROPOSITION s. 
Thkohesi. — If a straight line (AB) be bisected (in C), and 
produced to any point (D), the square on the whole line thus 
produced (AD), together with the square ou the produced part 
(BD), is equal iu area to double the square on half the line 
• bisected (CB), together with double the square ou the straight 
line (CD), which is made up of the half and the produced part. 



Frcr, 



the 



"Atlar (a) and equal 
to AC (£), fihl join- Y,\a>i:i EH; tkr<i>t<ih 
E draw EF parallel to AB (c), and 
through D dram DF parallel to CIS (c). 
Thai because the line ¥,V meets the 
parallels CE and DF, the angles CEF 
and F are together equal to two right 
angles (d); therefore the angles BEF 
and F are together less than tieo right 
angles, and tlie lines EB and FDj if 
produced, must meet (e); let them meet 
in G, and join GA. 

Demonstration. Because in the tri- 
angle CAE the sides AC and CE arc 
equal, and the angle ACE a right 
angle (/), the angles CAE and CEA 
are each equal to half a right angle {g)\ 
and in the same manner it may be 
shown that the angles CEB and CBE 
are likewise each equal to half a right 
angle ; therefore AEB is a right angle. Then because GF is parallel 
to CE (/), the angle GDB is equat to the alternate angle ECB Ik), 
therefore GDB is a right angle ; also the angle DBG is equal to the 
vertical angle CBE (;'), therefore DBG is half a right angle ; there- 
fore in the triangle DBG the angle GDB being a right angle, and 
the angle DBG half a right angle, the other angle DGB is also 
equal to half a right angle (£), and these angles being equal, the 
sides opposite to them DG and BD are also equal (I); and sinco 
the angle F is a right angle, being equal to the opposito angle 
ECB (m), it may in the same manner be shown that EF and FG 
are also equal to each other. Again, because in the triangle CAE, 
AC and CE are equal, and the angle ACE is right, the square on 
AE is double the square on AC (71); and because in the triangle 
GEF, GF and FE are equal, and the angle F is right, the square 
on GE is double the square on EF (n) ; but CD is equal to EF (m), 
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therefore the square on GE is double the square on CD ; and there- 
fore the squares on AE find GE, taken together, aTe double the 
squares on AC and CD taken together. But because in the triangle 
EAG the angle AEG is a right angle, the square on AG is equal in 
area' to the squares on AE and EG taken together (ji); therefore 
the square on AG is double the squares on AC and CD taken to- 
gether. But because in the triangle DAG the- angle ADG is a 
right angle, the square on AG is equal in area to the squares on 
AD and DG taken together (n); therefore the sum of the squares 
on AD and DG is double the sum of the squares on AC and CD; 
but DG and BD are equal, therefore the sum of the squares on AD 
and BD is equal in area to double the sum of the square on the line 
AC, and the square on the line CD. 

Scholia. I. The foregoing proposition, algebraically expressed, is as 

Theorem. If a number (n) be divided into tiso equal parts (m, n), and 
any other number (p) be in/,™, tha fecund power ot the sum of the two 
numbers (a and. p), together with the second power of the number eo 
taken (n), is couul to twice the second power of half the number so 
divided (m or n), together with twice tbc second power of the sum of half 
that number and the number taken (m audji). 

Demonstration. By the hypothesis— 
2m - a, 

therefore 

(a + p)> + p> - (2 M + jif + p> 

= 4m' + 4 mp + 2 p 1 

- 2nt*+ 2(«i J + 2rap + J > 1 ). 

But 

therefore 

2. It will bo seen that the hypothesis of the ninth proposition is the same 
a; that of the fifth, and the hypothesis of the ti-nth as tii-.-t of the sixth. 
There is, in fact, the same relationship between the ninth and tenth as has 
already been shown to exist between the fifth and sixth, the two former 
|-!:-postio:iE L'ciisg iiltri;tic:tl. 

C oteolt.art. Theorem- The sum of the squares on two lines is equal 
in area to double the square on half their sum, together with double the 
square ou half their difference. 

For if AD and DB bo considered the two lines, CD is half their sum and 
C**- half their difference. 
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PROPOSITION XI. 
Peoblem. — To divide a given finite straight Una (AE)iuto 
two parts, so that the rectangle under the vfhole line and one 
segment shall be equal in area to the square on the other 
segment. 

Sdlctiox. OnKTSconstrttet the square ABDC(<r); 
bitcct AC in E {/>), and join BE ; produce CA to 
T. m-ii-c MM o.'i'.tl t'j J')]! (c). o.nd in the given line 
AB take All equal to AF (d); and AE <> t&ViVfaf 
i)i II so iAai (M rectangle under AB ami BII is 
equal in area to the snitare on AH. Through II 
dr.r.r r,K pttndM to MO (t). 0H(i through Y'draw 
FG parallel to AB (s). 

Dbmokstuation. Bec;nisC CA ii bisected in 
E and produced to F (rt, the rectangle under 
CF and AF, together with the square oa AE, is 
equal in area to the square on EF (g), and 

t!:C:rol'a\-; to ir.o square on ME, whit'Ii L- equal to 

EF (f). But the square on EB is equal in area 
to the square on AB together with the square 
i. ii AM (/■■), therefore the rectangle under CI' and 
AF, together with the square on AE, is equal in 
area to the square on AB together with the 
square on AM (>) ; and taking away (lie common 
sfjiiarc AM. tlni ro-jtiuifj-le under CM and AF is 
equal in area to the square on AB ; hut AD is 
the square on AB, and because AF and FG are 
equal (k), the rectangle CG is the rectangle 
under CF and AF. Then if the common rectangle CH he taken 
from the equals AD and CG, the remainders HD and AG arc 
equal (0; but HD is the rectangle under AB and BH, for BD is 
equal to AB (m), anJ At"! ii tlie .square on All, because AH and 
AF are equal an. I the an-lc HAF i.-; :i right angle (m). Therefore 
the line AB is divided in 11, so thai- tin rectimgie under AB and BH 
is equal in area to the square on AH. 




AB), or lis continuation, to find 
hole lino and the segment Ijc- 
i, shall he couni in area to the 
sqn:i:\; '■[: the sc^i)i!.-:it between iU '. thcr extremity urn! tli:it poii:t. 

Tlie solution of the second case of this problem is precisely the samo as 
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that of tlio former, excepting 
only that AH is to be taken 
equal to AF on the production 
of AB instead of on the lino 
itself; and the demonstration 
is the same with the exception 
that the common rectangle 
CH is to be added to the 
equals AD and CG instead of 
being deducted from them. 

ScrroriA. 1. The foregoing 
'proposition involves the theory 
of the quadratic equation, and 

affords an admirable example of tho application of algebra to geometry. 
Tin' [i"(ib[,.-:n, :i]i\:i.-L-:i:(r:Llly T'i:.-.-,i!ii. is :n i'lillows:— 




a? = b . (b —x), 
performing the multiplication 

x* = V - I x, 

transposing 

x? + 6 x «= V, 

adding — to both sides, 

b 1 V 
J + tx + f -=i* + -. 

extracting the square root 

^2 2 

and again transposing 



*/5 - 



Then b being taken a? the value of the line AB,xwill represent the valuo 
of AH in the lirtt cuiu of tho foregoing problem. 

In tho second case, since x (or AH) is measured in an opposite direction 
to 5 {or AB), its sifm is changed (as explained in the scholium to the first 
propositi.':)); :itid continently we have x equal one part, and(S + x) equal 
the other part, and repeating the steps above, we obtain 

*-l' S + \ 
2 

which is tho value of All in tho second case, when H is taken in tho pro 



Jl wi"''h:iU 



AB. 



o shall now proceed to show the bearing of this proposition npon the 
quadratic equation. 

A quadratic equation is an expression containing the second power of the 
unknown quantity, and which can he reduced to the form 

c^ + dx + t-O. (A.) 
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Wo shall in the first place briefly investigate the value of x in this equa- 
tion, and then point out the connection of the process with the foregoing 
problem. 

Dividing the above equation by e, the coefficient of the first term, we 
obtain 



Let it be a qnantitv, F-i.ch ih:it hcin; f;:lj?i;rutc<l fori in this expression, 
it shall fulfil the conditions of the equation by making the first member 
equal 0; then we shall have 



but - a a = (3 + <i) . f> - a) [II. 5, cor. 1], an&px -p a = p(x - n), 
which values being substituted, wc have 

fx + a) . (x - a) + V C* - «) - f* + * + 1>) •(«-«)- 0. 

Now it is ovident that the first member of this ennui™ can onlv become- 
equal to I) bv one of ics fnutors K-cr/nhiLr ■_■ - . : □ : s "t tu <); that i*. either when 
x — o = 0, or when a: -f a + p = 0; and we thus sea that there are two 
values of z, which will Ail ill the cuiidi:;'.iiis <:[ the ovid;::*! <■■-. i;:itii.-;i (A); 
namely, either i = n, or se= — a — p. These values (a and — o — p) nro 
termed the rooli of the quadratic equally, and the symbols being perfectly 
;;-[:■.■ :■;[!, '.ic derive ;!m fjllMvhi;; piopositioni— 

TiieokOE 1. Every quadratic equation Ins two roots. 

If a, and it, bo put for the two values of x, and they be added together, we 
have 

but? is the coefficient of tho second term pa in equation (G), therefore: — 

Theorem 2. The start of the roots of a quadratic equation is equal to the 
eoeflicicnt of the second term with its sign changed. 

Again, if tho two roots be multiplied together, wo have 



but q — — a* - ap, and q is the third term of equation (B), therefore:— 

Thf-ohem 3. The product of the roots of a quadratic equation is connl 
to the third term. 




and putting? for jL, and ; for i, we have 
z* + px+ S -0 .... 
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Now since r, . x, = q, x? = i.; 

substituting value of in the equation x, + x t = 

«,+!--*. 

multiplying both rides by x t , 

r,* + g- -jJ*„ 

transposing 

= - 2. 

adding £. to botli sides, 



extracting the square root 
and again transposing 

*--i+V?-* < a » 

Then from the equa 



•-iVi-'- 



■u obtain 



P-A ft. 

"8 V r 



- (D-) 



Now examining the equation a 3 + J.r = 1- already derived (page 73) from 

tlli- alirubinicii: J -J ]n-:f:ii-:;!iii! i:i..v.-C i I ; i; i" C- 1 ili Li-J p-.ivi it 
is a quadratic cquaiinit, an.l m:iv W rcliicuii to [b.i g^iiiral form (IS) by 
transposing (», when we have 

tf + bx- V = 0, 
in which p = 6, and j = — J'. )n order then to obtain the two roots of 
this equation, or the two valnrs or' a? v.-ki^h v.ili lulfd II)'?- conditions of Oie 
Eam'J, we have only subtil i, irj the ulicvj vair.'.'s of a:nl <; in U;c t/ntus- 
Eions (C) nnd (D); doing which, the first of these becomes 



which, by reduction, gives 
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whence, by reduction, 



geometrical problem, when the point H is taken in tlio line AB itself, 

and in tlio second case, when taken ia the production of AB, 

And this problem aiTorrls. :a'oi]irt rically, an illu?r.!:dinn of the first theorem, 
eliminate! at pa:re TJ. that ovcrv qua Iratic '■ |ua:.ion has two roots. 

Sow All. (cr All in ill'' ::ivei:i:i 1 i ■ '. u L" "i i -. IVnii' the ^n :a:c: io n . evidently 
equal to the sura ol' Ali ami AII t (or AH in the Brat ngure), that is ■ 1 

AH, + AB = AH a ; 
but AH, is negative, because measured in the opposite direction to AH (as 
already explained), therefore 



AH, + AB = 



- AH„ 



and by transposition, 



■which is identical with the 



i that the sum of the 
case of tlio problem, 



n AB to V>, whlcl 



the product of tlio two routs (AH, and All,) is equal 
and we hence derive a geometrical proof of the trul 

2. When a line is divided as In the eleventh 
cut "in extreme and mean ratio,'' For the 
AH as All is to tho whole lino AB ; and in 
of tho extremes rqual.- !he product of the means, 
rectangle under All and 1111 is ■: (ual to the square 
Eition xi. itself. 

CoROLIAH? 1. I/a line (AB) be eirf in extreme 
and mam rutiv (in <■'), the trreai'a' segment will bo 
cut hi the same n.aiaivr liy takii.a on it a ['art 
equal to tlio less. 

Demonstration. On AC and CB, the tiro srg- 
ments, construct {he tjuartt ADEC ami CFGH («), 
and prmiuee GF to 11. Because BG is equal to 
CB (4), the rectangle AG is equal in area to tho 
square AE (c), (ukirii; away from both the com- 
mon reclau_'lc AT. and the rcctar.tle UK I; canal 
in area to :r.c so/iare CG ; hv.i l.'K is eenal to KG, 
therefore- I£E is the rectangle under EF and EC ; 



ilsoAB 
a:(A[lV; 



proposition, it is said to be 
[lent Bll is to the segment 
proportion the product 
or m this instance tho 
on AH, which is propa- 



) 1. 4G. 
) Constr. 
) II. 11. 
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also EC is equal to the greater segmmit AC, and FC is equal to the lcssCB; 
tl):--rr:fora !:ie rcr.:.,iv.^; -jii'li r i-'.C ;:k !■:!■' is i-i klv:i to = -.ULirc Oil 

CF, and the line CE is e«( m t.< (,-fme mid mean rnfio. 



PROPOSITION XII. 

Theorem. — If a perpendicular be drawn from any of tlte 
acute angles of an obtuse-angled triangle (ABC) to the opposite 
side (BC) produced, the square on the side (AB) subtending 
the obtuse angle is greater than the sum of the squares on 
the two sides (BC and CA), which contain the obtuse angle, 
by double the rectangle under the side (BC), which is produced, 
and the external segment (CD) between the obtuse angle and 
the perpendicular. 

Construction. Froihiet BC, or,'} from the acute 
angle A draw AD perpendicular to BC produced (a). 

De moss TEAT ION. Because the straight line BD 
is divided into two parts in C, the square on BD 
is equal in area to the sum of the squares on BC 
and CD, together with double the rectangle under 
BC and CD {£>); to each of these equals add the 
square on AD, and the sum of the squares on BD 
and AD is equal in area to the sum of the squares 
on BC, CD, and AD, together with double the 
rectangle l.ndor BC an i But Ueciiiisi; D is a right angle, the 

square on AB is equal in area to the sum of the squares on BD 
and AD (c), and the square on CA is equal in area to the sum of 
the squares on CD and AD (c) ; therefore the square on AB is equal 
in area to the sum of the squares on BC and CA together with 
double the rectangle under BC and CD ; that is, the square on AB 
it greater than the sum of the squares on BC and CA by double the 
rectangle under BC and CD. 

Coi'.t>LI_l!;Y. !f in •b:it;~-n:igi< d Iri'Hif/ti. ( A lit'*! ,'/».' iij'il (AC lll'.d C'i!) 
which contain the. ultiMc. <rw;'i ),■•■ .nV-i ,,-n.l prrjimdiculurs he drawn to the 
ncute nwil'.s. tin' ri'ct:u;j.'i.' under rair of ih<vv. fi'lcf (Hi:) ruid (lie [j"od;]Ci'd 
part (CD) bctivcvn th^ oliluse twAe fin ! tin' [«-i-;jo]i.!i.-i:L :l r. is fijuidin area 
to the rcctanglo undor thu other side (AC) in produced ;inrt (I'K). 

For it may bo proved by the foregoing r, 

Ac/suuL CE is also equal in area to tbo / "Vc.-'""\ 

excess of the r]u;ir; <>ii All uliovo tbo sum 
of the squares i. o ItC and ('A ; therefore the 
rectangle under AC and (_')■. ir equal in area 
to the rectangle under BO and CD. 
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PROPOSITION XIII. 
Theorem. — Tf in any triangle (ABC) a perpendicular be 
drawn to one of tlie sides (BC) which contains an acute angle, 
from, the opposite angle, the square on the side (AC) Subtending 
that acute angle is less than the sum of the squares on the 
sides (AB aud BC) which contain that ongle, by double the 
rectangle under the side (BC) to which the perpendicular is 
drawn, and the segment (BD) between the perpendicular and 
the acute angle. 

CoxsTitDCTiojf. From A A a 

draw AD perpendicular to 
BC, produced if necessary (a). 

Demonstration. Because 
when a straight line 13 di- 
vided, the sum of the squares 
on tlie whole line and one 
of the segments is equal in 

area to double the rectangle / a \ j 13 

under the whole line and (/A jj_ y_' 

that segment together with (c) L 47. 

the square on the other seg- 
ment (£); therefore the sum of the squares on BD and CB is equal 
in area to double the rectangle under BD and CB, together with 
the square on CD ; to each of these equals add the square on AD, 
and the sum of the squares on CB, BD, and AD is equal in area to 
j he L-ur-L of the F<jn;ircs 011 OD and AD, together with double the 
rectangle under BD and CB. But, because the angles at D are 
right angles, the square en AB is equal in area to the sum of the 
squares on BD and AD (c), and the square on AC is equal in area 
to the sum of the squares on CD and AD (c); therefore the sum of 
the squares on AB and CB is equal in area to the square on AC 
together with double the rectangle under BD and CB; that is, tilt 
square on AC is fas thnn (lit sum of tlie squares on AB and CB l>y 
double the rectangle under BD and CB. 

Sonoui-si. Kueiid hits sop:ir:tti:d thU or: position into three uasos, de- 
pending upon win:" her the jU'i-ieii.iicjiliii- i-i! i.~ ivivbin or without the triangle, 
mid employs tlie tweh'tb Tirop^ition to prove the second ease. This division 
is not, however, neee.-uiy, a.i all the e;i-es may he demonstrated from the 
seventh proposition, as is done above. By comparing the demonstrations of 
this and the. preceding propositions, it will he nearly identical they 

are, and they nmy be cuiniiiuM in one general proposition in the following 
terms;— "The dillereiiec between the £o.-,iare on one side of a triangle ami 
th-' Mi!;i of [he .sjna/es mi tin- i.:in:r I wo .-:.;;■■=, U |iuil in area to double the 
veotaoide under ehiier or' Lhi'-e two &i ■. L ..■ .■■ :io..i tho ^■■jinent hetiveen the per- 
pendicular on it from the opposite unglo and tlio angle iucluded by the 
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COROLLARY I. Theohesl If ia an uoteetet tri- 
angle (CliA) « pa-pt if!! ■> tin- he drawn from either 
angle of the base In the ■ ■■i./i-si!,: .--Ida, double tho rcet- 
siiijrlu un<i.rr llmt si.i.! (CI!) iuul tin; moment (I>B) 
between tho perpendicular and tho base is equal in 
area to the squaro oa Uio base (AB). 

For the sum of the squares on AH and CB is equal 
in avsi :o i;ir fq'.iiii-c -r.-n A(J to.^tlnr ivitli doubie'ths 
rectangle under CB and DB (a); but AG is equal to 
L'H (i),:i!ni ilKTclisft tin: squares on theuiareequal(c); 
and taking away thc-fj C'iiiiils, vt: have the square on 
AH er/HoI m ni'CK ilinlh: i.i (.(ii«fc ander CB irorj 
DB 



For the sum of the squares 



O) n. 13. 

(b) Hypoth. 
hi) L 4li, cor. 1. 
00 As. 3. 



proposition xiy. 

Problem. — To construct a square that shall bo equal in 
area to a given rectilineal figure (A). 

Solution. Construct a 
rectangle BGDE equal in 
area to the given rectilineal 
figure (<i) ; if tho adjacent 
Bides be equal, tho problem 
ia solved. Jf not, produce 
either side BE, and make EP 
e<j>tali-> the other sideED(b); 
bisect lit' 6 (,■), and from (?) }• -15. 

the center G, at the distance W \ 3 - 

GP, (teWitf Ms semicircle TA u t' 

produce T>K to H, g IDef. 13 and 18. 

onajotnGH; then a square (/) I. 47. 

constructed on EH «£<i# 
ejua£ wi urea fo (Ac ^mwb 
rectilineal figure. 

DEJtossTBATioif. Because the straight line BP is bisected in G, 
and also cut into two unequal parts in E, the rectangle under BE 
and EP, together with tho square on OE, is equal in area, to the 
square on GF (d), or of GH which ia equal to GF (e). But the 
square on GIT is equal to the square on GE together with the 
square on EH ( f); and taking the square on GE away from both, 
the rectangle under BE and EP is equal in area to the square on 
EH ; but EP is equal to DE, therefore tho rectangle BD ia equal 
in area to the square on EH ; aud therefore lite square on EH is 
equal in area to the rectilineal figure A. 

ScuoiJUil. From this proportion we derive the following theorem: — 
If a perpendiruhr he di-tiKiifi-.im nn<j point in the circumference of a semi- 
c!i-'.-ub:c tii Or: din-Hi: ;■ !*, th J i^u.iiT o:i tin; ij:-f|.c!Hiici;liii' is equa! iii area to 
the rectangle under the segiuunts into whioh it divides the diameter. 
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book in. 

DEFINITIONS. 

1. Equal circles are those of which the diameters arc equal, or 
those from the centers of which straight lines drawn to the cir- 

Scdoucji. This is not a definition, but a theorem, the truth of wliich 

U ,-ii.in;h ii'i". ii' ei r ■■:]■■■■■ : i [ j ] . i : t. . I til Mil! :i Nylin-:'. ih:lt their ceniLTS 

: ni i-iu-. the ['Irelcs mn-t KUvi-i; uiintiiii-. >iiuw :he .-::ai^:it linc.i i™:'i 
eeultrs aru equal. 

2. A Tanoent to a circle is a straight line which 
meets the circumference, i«( fdi'jy produced, does 
tint out the circle. 

'i3. Circles are said to touch one another when 
their circumferences meet, but do not out one 
another. 

f?cnoi4U.K. They arc said to touch txternaUg 
lvhen each circle is entirely » il limit the other, as 
A :ind 15: and tl:« cii-L-ioifercnce c.f olio circlo is 
said to touch that of the other internally when 
cue circle is entirely within the other, as B and C. 

4. An Aitc of a circle is any portion, of 
the circumference. 

Ti. A Chord is a straight line drawn within & circle, whose 
extremities touch the circumference. 

ScnouOM. The portion of" the circumference nf a 
circle cut olT by any i:unr<l w fniil to he the "arc 
sultenihd by thai chonl ;" thus the are ACB is sub- 
teuded by tiie chord All. 

6. Straight lines (or chords) are said to he equally 
distant from the center of a circle when the per- 
pendiculars drawn, to them from the center are 
equal. 

Scholium. And chords arc said to be "farther from" 
or "nearer to" the center, according ns the perpendiculars 
from them to the ceuter are greater or less. 
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7. A Sequent of a- circle is that portion of a 
circle contained by a chord and its arc. 

8. An angle in a Betrmcnt is the angle contained 
by the straight lines drawn from any point in the 
circumference of the segment to the extremities 
of its chord. 



Sotolicm. An nti.-ie is mill to ttimd upon the aro 
intercepted between tile straight linos which (jent^ihi 
r h niiak': tims :ht: nude .WW. is f.vA to be the '.i:y : -'.-. 
at tlio circuniiereiice .stunt] Use upon the arc AC, nn.i 
the iiiiirlt: ADC is said to be the angle at the canter 
.swmliiig upon the same arc. 



9. A Sector of a circle is that portion of a 
circle contained by two radii and the arc between 
them. 



Scliownt. When the radii aro at right angl- 



is said to be similar to an- 

other segment, when an angle /Y 

contained in one is equal to [/_ 

an angle contained in the 
other. 

Scnoucsi. The word "similar" is used in Geometrj 
sense than in ordinary conversation; in the latter it sigi 
blance, where:.- in (lie i'nri:n!i' it is oiilv used to express p 
r„x,rKss of f„rm. This .ieimition, ^"-ven by Ih.oli.l. is 
tae twenty-first prnpu-ivi.tr!. We lime above rr-s.r.c:^ 
gitnUarity to consist in one angle contained in each scgnir 

11. A rectilineal figure is said to he contained 
by a circle, when its circumference passes through 
all its angular points. 




Lejoia. Tileoukm. strav/ht line (CE) bisects 

the chord •/ n rinte ( Al>) rpn.d : .eufarlt/, it coutaiiis 
tlio center of that circle. 

Demomsti!atiun-. Vor if no*, let any point G with- 
out the line Cli be the center of the circle. Drain 
GA. GD, and G1S. llL-tui: j.j ::i tbe triangles GAD I " 



and GDI! are equal therefore 11 

singles (e)l hut llnniM!:!.'!'. 1)11 is aho a ri;;ht aur.lr (,o) 
therefore the ftiigh: GDI' is r.|!i:il to GUI! (rf), a part 
Hi iiiil M tin; iih-ili-. %'iiii:h is iil.sns-J ; therefore the 
point <} is not the center <>[ the circle ACii, ami hi 
iiho manner it may be shown thut no other point 
"itin.'.it Hi,! line Cf! is th,! center, therefore the lint 
CE contains Hie center of the circle. 

Sciiomcm. Tlic above theorem hn.i linen introduced byway of lemma 
to the first proposition, to meet tin: ■il jf,: ; ion which ims been urged against 
Euclid's demonstration, liecausc he therein assumes the position of the 
center previous to th,; iici-fect solution of the problem, hueli-.l's demon- 
stration is (hiThor ifi-Eective in tmj other s'ei.peets; first, that it due- no!: 
ai'jily when the point i i is ii.-ir.mui in ;!,■; lin,: C]-i i !,.-.■! :'. in idiicli it m;iv be 
Without coinciding with the [mint and secondly, his demonstration is 
deficient, inasmuch as he only proves as much as is proved in the foregoing 
proposition, namely that the center nm-a be eoni iiined in the lino CE but 
lie omits to prove in what part of that line it is situated. 




PROPOSITION I. 

Problem. — To find the ceuter of a 
given circle (ACB). 

Solution. Draw within the circle any 
straight line AB, bisect it in D (if), mid 
from D draw DO perpendicular to AB (£), 
and produce it to li ; bisect CE in P (a), and 
F is the center of the circle. 

Pemonstuation. Because the lino CE 
bisects the chord AB of the circle ACB 
perpendicularly (c). it contains the center 
of the circle; and became it is bisected in 
F (d), FE is eoual to FC, therefore F is the 
center of the circle (e). 

Theorem. If three (A, B, anil C) are iw 



CkatBTRUcnos. J.m AB and BC, bisect AB ij 
tie r:.-r::i /■</:. ;t-.r Iti; (,r), ,.::-J. BC by the pirpen- 

dvedu/m («). C<0 l - 10 ^ d u - 
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F, then the angles FDE ai 
are loiMtnV K-.-i tli.i aii-V.- :un! ESI--]-:. 01- 

than two right ji:i::!iH (i), and therefore they will 
meet in some poiut K (c); tlu-ri i-very circle which 
passes through tins : ■! 11 l^, A jtnil IS lias its center in 
the perpendicular ((/), and ever;' circle which 
passes through the p.iiiitn 11 ami 0 lias its center in 
the perpendicular M. (<;); tin-vpibro cira/m/tr- 
eiies «/(Ae circle. u-h,si ant, r is i: pusses tkrwijh ike 
tliree poiats A, B, and C. 




(b) Constr. 

(/:) Thi ur. :.;ta. Ix l to 

I. ao. 

(<f) Preceding lemma. 



PROPOSITION II. 
Theorem. — If any two points (A and B) he taken in tlie cir- 
cumference of a circle, the straight Hue which joins them falls 
within the circle. 

De3wn3tration. For, if it be possible, let 
the straight line AKB have a point E without 
the circh ACIi. Find the center D (a), and 
_;oi7i DA, l'B, ami DK. cutting the circumference 
in P- Because in the triangle ADB the side 
AD is equal to BD (b), the angle DAB is 
equal to the angle DBA (c); but the external 
angle DEA it greater than the internal angle 
DBA (d), and .lierefore greater than its equal 
DAB. Then ii the triangle DAE, because 
the angle DEA h greater than the angle DAE, 
the opposite side DA is greater than DE (e), 
and tli(j:-L-f'jrc .mcit^r thui but DA and 

DF, being both radii of the same circle, are 
equal (i), which is absurd; therefore the point E is not without 
the circle, and jj a similar manner it may be shown that no point 
in the line A3 it without the circle. 

Scholium. The foregoing proof being by the 
method "reductio :ti aWnvdim;,'' i- ncccff:'.ri:v i:n;i- 
rcct. By tho odmssion of the axiom "That the 
extremity of a straeht iii;c. less than the radius is 
within the circle,' tin iLlloiviii" direct proof may ho 
given. 

Take any pointE, join DE. and produce it, if ne- 
cessary, to meet tin circumference in F; iben it may 
be proved, ns above.that DA is greater than DE. but 
DA and DP arc e; ua f ( <}. ;hi:-ciore i)F is greater than 
DE, and E is by the ibove axiom within the circle. 





Digitized by Google 



84 eTjEments of geometry. 

Corollary J. A straight line cannot cut the circumference of a circle 
in mora than two points. 

I'nijiLi.ip.T A strni 'r.i". -.vhieh L'.iut'if-s !he clreumfert'iico of a 
circle meets it in ouly one point. 

proposition in. 

Theobem.— (1.) If a straight line (CD) drawn through the 
center of a circle bisect a straight line (AB) which does not pass 
through the center, it is perpendicular to it. (2.) And if it is 
perpendicular to it, it bisects it. 

Cokstuuction. Find E the center of the _C 
circle (u), aiidjoin EA and EB. 

Dbkonsthaiior. (J.) In the triangles EAP 
and EBF, bcciiiii-c ehc side AE is equal to 
EE (5), tho side AF to BF (c), and the side EF 
is common to both, the angle EFA is equal to 
EFB (d), and they are both right angles (e), 
therefore CD is p-'rpf>dic>//'tr to AB. 



AEF and BEY, the.tnirie KAV is equal to EBF, 
the angle EFA to EFB (e\ and the side EF 
common tobolh, the side A1-- iseriua. toBF(j), 
and therefore the line CD bisects the line AB. 

Scholia. 1. The [bird prnpi-itiori, r,- fjiveu liv Euclid, coisists of two 
distinct propositions, each tlie converse of tlie other, and are byte separately 
ili-liri^ui.dieJ. It lilts been explained in the Introduction that when n 
theorem has several hypr.ilie.^s :md onu uredioate (J. e. o 1 " sequence), if 
another theorem be framed, hnvine; one of tho?e hvpr.tbosw for its predicate 
and the former predicate fur one i>f in l]y|mtlii>se/, the sc-jind theorem will 
i c the wvrse ( t' the lirat ; uu. 1 1 hero tl: re, i:i Ihet. ;:s n-.-.uy eoiivcr^ pror-o. ■ 
ifltions misht be framed a.= the first thooiv.ii. en. Sained hv othocs. akhon-ii 
these converse pruj.^itiou^ would not ncce^axilv be alkruc. In this sense 
tho two theorems above and tho l:-i:r.na eivcii nt'tlic ccni:.! i - ■ . : i :i ( cf the 
Third liook are related. Iieiii;; mutuaLIy ihe coiiviTi-i! of eaili other, which 




Le 



e chord of \ Tho ^ 



Poor. III. (1).— If a line patsu through the 

And bisects a chord of the 
circU; 

PBOP. HI (2).—Tf a line passes through tlie 
center if a circle; 
And is pirjwlicukir t>, a 
chord of the circle; 



10 passes through 
ojter of the circle. 

Tlie 11ns i> perpendicular 



ts the chord. 
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2. It is 



ropoflr 



m, to it 



of the 
in tlie center of [he 
might be the angle 



ord AB shall not pass thr 
circle; because if il did ill-; u™ -lines would in tarsi 
circle, and would mutually bisect each other, whate> 
in which they were inclined. 

Corollary; Theorem. 7/ from m.,y p -,i:J ( A' : in tin- di.imeterof a circle 
or its extension, iiiicfi be dravn to the. cuds f t\ parafkl ehi.nl (BO), the squares 
OIL tho-e linos a;'e (; jr.'!!.!-:" v..:;::t i:i :n-:i in 111': sqlini'ei Oil tile spinet: ts iu'O 
Yrhich the point (A) dii ides r lie diameter. 

Con.-truutiun. I'rvm tlie center of the 
elrck \> drain I>E p- rpendifd- u- 1 1 the dwuiel, r 
TG (n), and join AE and 151). 

DEJtOKSTiirnos. Because DE cuts J!G per- 
pendicularly, it iji^eef^ il (h); thoret'oic. in the 
triangle KAC the of the squares on AB 
aud AC is equal i:i area to Lr.U:'.: tins square on 
111: tf.;;u(hc-i''v.-iili twice il;.; square on AE (c). 
■ 5 ADE is a right angle, twice the 



square on AE it 
square on AD together iv: 
onDE (d); therefore the 
onABaud AC in equal i 
square — T " 



n AD 




lieeiL .i-e HEl) is a riyht ai-.: : -!-_-, r-vi,.c the square 
on BE together with twi:;e the sq-mre ™ I)K is 
equal in area to. twice the s juave on MI) (</), ■ 
its equal DG («); therefore the i 
squares on AB and AC is equal 
twice the square on AD together with twice 
the sq-.mrc on IJG. But because the line FG 
i- lii.-eetcd in 1"), and al-o eat uue lollly u: A, 
the .5iiiri of the /quires en AE r.:id AG is equal 

iu area to twice the square on All together with 

therefore the turn r,f <»■.: .j.j v-r.-M r.n Ai! <■■?></ AC it equal in 
ths squares on AF and AG. When the point A is in the diameter produced 
(as in the second figure), the latter part of the proof is drawn from II. 10 
instead of II. 9. 



PROPOSITION IT. 
TriEOREM. — If in a circle (ABCD) two straight lines (AC 
and BD) cut one another, which do not both pass through the 
center, they do not bisect each other. 

Demonstration. If ono of the linos pass 
through the center, it is evident that it can- 
" ' not be bisected by the other which does not 
pass through the center. But if neither of 
the lines pass tliroujrli tlie center, Jet it bo 
possible that AG and '.BD bisect each other in 
M; fmd the center of (fie circle F (a), and join 
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FE. Then because FE bisects AC, the anffle 
PEA is a right an^'le ('•), ;tnd because FE 
bisects BD, the angle FEB is also a right 
angle (S); therefore the iin^lo FEA is equal 
to the angle FEB (c), the less equal to the 
greater, which is absurd ; therefore the lines 
AC and Ml) do not h '&cs mck other. 




PROPOSITION Y. 
Theorem. — If the circumferences of two circles (ABC and 
CDG) cut one another (in C and B), they have not the same 
center. 

Demonstration. For, if it he possible, 
let E In? the ec-ntor t>F Su'lii circle?. Jo.'ii, 
EC, and draw any straight line EG cutting 
the circumferences of the two circles in F and 
G. Then because E is the center of the 
circle ABC, CE is equal to EF (a) ; and 
because E is the center of the circle CDG, 
CE is equal to EG (a); therefore EF is 
equal to EG (J), the Jess equal to the 
greater, which is absurd; therefore E is 
not the center; and in the same manner it 
may -be proved that no other point is the 




they ci 

foregoing. 

;"!. Km.-!;,-] w::-i.>n:i:iy Kiij.lovj t!ir> riivkv in t!io Klemcnts, in two 

[ionoto the plain ii_'i;i'c contained hy the circum- 
KriAy the cimiimViviiee itself. In the following 
first, which is its correct meaning according to 
the thirteenth definition in the First Buok. 



PKOPOSITION VI. 

Theorem. — If the circumference of one 
circle (ABC) /oiic/i the circumference of an- 
other circle (CDG) internally (in C), they 
have not the same center. 

DiMoNSTUATioif. For, if it be possible, let 
E be the center of both circles, /din EC, and 
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draw any straight line EG, cutting the tircunv- 
ferences of the t\<:o circlet in V and G. Then, 
'because E is the center of the circle ABC, CE 
is equal to BF (a) ; and because E is the 
center of the circle CDG, CE ia equal to 
m (a) ; therefore EF is equal to EG (t>), the 
less equal to the greater, which is absurd; 
therefore E is not the center; and in the 
same maimer it may be proved that no other („j t, n c f, 15. 
point is the center of both circles. (i) Ax. 1. 

Scnoi.Ttrsr. Tho letters in the diagram to this proposition have been 
transposed, in order to ntum- that ihe litcli atxl sixth propositions are 
iilcsjliL-nl: iiu- 1 tin- k'lumuialii.ii lif liti-n ::!ri.':v'.l, bi:i';iiis,; ill-.: U'u tiremi:- 
ferences cannot touch one oavilier internally, lor one must bo external to tho 

PROPOSITION VII. 
Theorem. — If from any point {F} within a circle (ABCD), 
which is not the center, straight lines he drawn to the circum- 
ference, [1] the greatest is that which passes through the 
center ; [2] the remaining part of the diameter is the least ; 
[3] that Hoe which is nearer to the line (AD) passiug 
through the center, is greater than one more remote ; [4] and 
more than two straight lines cannot be drawn which shall bo 
equal. 

Cos st no ct ion. Fhid the center of t/ie a 
circle E (a), and join EB, EC, and EG. 

Dejio.nstratiox. [1.] Because two sides 
of trim] !_'lc aiv i^atcr than the third (1), 
BE and liF .are greater than BF ; but AE 
is equal to BE (e), therefore AE and EF, 
that ia &F,v:ht\-/> p-.tt.-e-s throvgh the center, 



I area. 



n BF. 



[3.] Because two sides of a triangle are 
greater than the third (i), GF and FE 
are greater than (IK; hut OV, is equal to 
ED (c), therefore GF and FE are greater 
than ED; and taking FE from both, GF 
is greater than FD, the remaining pari of 
the diameter. 

[3.] When the Hoes BF and CF are on the same side of tho 
center; because in the triangles BEF and CEF, tho side BE is 
equal to CE (c), the side FE common to both, and the angle BEF 
greater than tho angle CEF, therefore the side BF nearer to the 
diameter is greater than CF (rf), the one more remote. 
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If the lines CP and liF an 
sides of the center, con struct the awflt 
EFB equal to the angle EFL (e), then BF 
is equal to LF; for if not, let one of them 
LF be the greater, and eut oil FM equal 
to BF, then because in the triangles BEF 
and MEF the side BF is equal to MP, the 
side EE common to both, and the angle 
EFB equal to EFM, the side BE is equal 
to EM (/) ; but BE is equal to EN (e), 
therefore EM 13 equal to EN (a), a part 
equal to the whole, which is absurd; 
therefore BF is equal to LF; but BF is 
greater than CF, and therefore LF, which 
ts nearer to the diameter, is greater than CF, 
the one more remote. 

[4J Construct the angle DFII equal to DFG (e), then FH is equal 
to GF, but no other line than FH can bo drawn from F to the 
circumference, which shall he eou;il to OF; for, if it he possible, 
let FK be equal to GF, then FK is equal to FH (.?), the nearer 
equal to the more remote, which ig impossible ; therefore no more 
than two straight lines can le drawn from the same point, which shall 
be equal. 

ScnomiJt. Euclid's enunciation of this proposition really consists of 
four distinct theorems, which nrc nil coiisi-. -unci* Ihliuwing from the first 
nssi-.ir.iv] ii i .':n-,'.|]('fi = ; tiic i'.iI iov.-j'.;!-: iiulv l;e inhh-d, being provcri in the. 
demonstration of the third theorem above, bat not there distinctly enun- 

7/ from arty point iinthin a circle, which is not Vie center, straight lines be 
draicn to the circwiijfrcucc. those; lines which form equal angles with the 
hue i^-ii::' '.hrouch tin:: ccnlei- an- equal. 



PROPOSITION Till. 
Theorem. — If from any point (D) vritlwut a circle (A.BF) 
straight lines be drawn to the circumference, [1] of those which 
foil on the concave circumference, the greatest is that which 
passes through the center; [2] of the rest, that which is 
nearer to the line passing through the center is greater than 
the more remote ; [3] but of those which fall on the convex 
circumference, the least is that which, if produced, would 
pass through the center; [4] of the rest, that which is 
nearer to the least is less than the more remote ; [5] and 
more than two straight lines cannot be drawn, either to the 
concave or convex circumference, which shall be equal. 
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Const Rr/CTio:f. Find the ecu Vr 
of the circle M (a), ami join ME, 
MP, ML, and MK. 

Demonstration. [1.] Because 
two sides of a triangle arc greater 
than the third (b), DM and ME are 
greater than DE; but MA is equal 
to ME (e), therefore DM and MA, 
that is DA, which passes through 

thf. ni'J-.r, i* :V," f/i DE. 

[2.] When the lines DE and DF 
are on the same side of the center ; 
liO!/ri.u;e in [he tri in: DM K mi. I 
DMF the side MK is e-jual to 
MP (c), the sido DM common to 
both, and the angle DME greater 
than the angle DMF, therefore 
the side DE nearer to the line 
passing through the center in greater 



opposite sides of the center, con- 
struct the angle EDM equal to the 
angle ODM (c) ; then DE is equal 
to DO; for if not, let one of them 
DO be the greater, and cut off DP 
equal to DE, then because in the 
triangles DEM and DPM the side DE is equal to DP, the sido DM 
common to both, aud tho angle EDM equal to PDM, the sido ME 
ia equal to MP {/) ; but ME is equal to MQ (a), therefore MP is 
equal to MQ (g), a part equal to the whole, which is absurd; 
therefore DE is equal to DO ; but DE is -greater than DF, and 
therefore DO, which is nearer to the line passing through tlie center, 
is greater than DF, the one more remote. 

JjJ.] Because two sides of a triangle are greater than the third (I), 
DK and KM are greater than DM ; but MK is equal to MG \c), 
therefore DK and MQ are greater than DM; and taking MGfrom 
both, DK is greater than JXl, which, if produced, woiddpass through 
the center. 

[4.] When the.lines DK and DL are on the same side of the line 
passing through the center; because in the triangles DLM and 
DKM the side LM is equal to KM (<■). tho side DM common to 
both, and the angle I,MI) greater than KMD, the side DL it 
greater than DK, which is the nearer to tlie line which, if produced, 
passes through the center. 

If the lines DL and DB aro on opposite sides of the lino passing 
through the center, construct the angle MDK equal to the anate 
MDB (e); then DK is equal to DB,'but DL is greater than DK, 
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therefore DL is greater limn l'V>, \rhkh is the nearer to tlte line ichielt, 
■if }mi<l"ct'<i, /'tf.'W liii-i/iiah ih:? ceitier. 

|5.] Construct the mifk MJtli c<fn«l to th? aiu/Ie JJDK (e), then 
DB is equnl to DK, but no other line but IJIS can he drawn from D 
to the circumference which skill lie ii|ual to DK; for, if it be 
possible, let DN be equal to DK, then DB is equal to DN (.7), the 
nearer equal to the more remote, which is impossible ; therefore 
no more than two straight lines can be dra\cn from the same point 
which shall he equal. 

Si.'jii 'i.irM. Ti:t ?i.\--::v.\: :r:A \ -j - L_ L l; :i ~ r.i.iy b;i regarded simply 

ijirfiuuinr cu-i's of i.tit mure ^ r -.-r;.-:-ri[ tli viii, in thu funnel' the jiuEi.L 

being taken within the ciruln, :iiui in eta; l.itti-r without it; the following 
tbeorem may be ivlilcii to llmsu I'luuifiislv I nWe, iinmely, — 

If from any paint without u t-ir'-'c s.'r ii'f,t !>?. iir'nm to the rirenn;- 

ference, those lines which ll-riu c;ulJ lliiltIus iviLh the line passing through 
the center are equal. 



PROPOSITION IX. 
Theorem. — If a point be taken within a circle, from which 
more than two equal straight lines can be drawn to the circum- 
ference, that point is the confer of the circle. 

Demon st ratios-. For if it were a point different (a) UT. 7. 
from the center, only two equal straight lines could 
be drawn from it to the circumference (a), therefore a point from 
■which three tqyal ttraigkt Urns can be drawn can he no outer than the 
center of the circle. 

SciiOLinji. This proposition, as pointed out hv Mr. FV Morgan, is only a 
logical t.';j'.;iv;tl.'i:t of i'n>[,i ■,-itii.H vii. (■!). for it. is thtn-e Aviww \\v.i\ — 

Oulv two equal straight lines can be drawn to any jjuii:: -.vIlil-Ii 
ia not tlio center; 
Bnt by the hypothesis, — 

From a curtnta point thiui: iq-i:>: ;! riiicM I cmi 1 ■• d:-.v.\ n ; 
Therefore — 

That point is not a point which is not the center; i. e. it it a 
point wkicli U the center. 



PROPOSITION X. 
Theorem. — If two lines (FAB and DEF) be the circum- 
ferences of two circles, they cannot cut one another in more 
than two points. 

Demonstrates. For, if it be possible, let the circumference 
FAB cut the circumference DEF in the three points B, G, and F. 
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Find the center K of the circle ABC (a), 
and join KB, KG, and KF ; thea these 
lines are equal (b) ; and because within 
the circle BEF,a point K is taken from 
■which three equal straight lines are 
drawn to the circumference, that point 
is the center of the circle DEF (c), but 
it is aiso the center of the circle 
ABC (d); therefore the same point K 
is the center of two circles whose cir- 
cumferences cut each other, which is 
impossible (e) ; therefore one circum- 
ference of a circle cannot cut another in 
more than two points, 

SciioLicit. The above mode of demon- 
strating this proposition cannot be applied 
when the centers of the ~— ' 



Kfi, K'.'r, untJ KF 
equal (4)j but as tin- t-isvii 
tlio oii i.-it.--i ABC ami DEF 
ntlier, tliL'y liave not the 
therefore K is not the center of thee 
ji]-".l'; a;;d lionise no more than two 
equal straight lines «in be lii-iiwtj to the 
CTeni:j:i::\::jci- ap.iir.t v.(:ie:i is n.-t 
tin; ranWr, Iberei't re Kli. KG. and KF 
arc not equal (d) : bat it ha' been proved 
t h:tt t Li-y are ei|ii;il, which is absurd: tiicrcforc ■ 
Ciwnuf cui another m more than lisp points. 




1. IVf. 15. 
III. 5. 
TO. 8 (6). 



PROPOSITION sr. 
Theorem. — If the circumference of one 
circle (ADE) touch the circumference of 
another circle (ABC) internally in any 
point (A), the straight line joining their 
centers, being produced, shall pass 
through that poiut. 

Deiiokstbation. Find the center F of 
the circle AliC ("'!, as.'! the enter G of the 
circle ADE (a) ; draw the straight line HGFC, 
passing through F and G, produce it to meet 
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the circumferences, and, if it be possible, let 
it not pass through the point of contact A; 
join AF and AO. Then in the triangle 
AGF, AG and GE are greater than AF (b); 
but AF and DTF arc equal (c) ; therefore 
AG and GF are greater than HF; take 
away the common part GF, and AG is 
greater than BIG. But AG is equal to 
DG (c) ; therefore DG is greater than HG, 
the part greater than the whole, which is 
impossible; therefore the straight line passing (j\ j 2 rj. 

through the eenten F and G, being produced, (cj i. Del IS. 

also passes through the point of contact A. 

fViK'!.u:M. I:i Euclid's ciy.-.sioi.itioii of this proposition he speaks of "the 
point of contact," thertdiy tnekly as-inum;; that there is only one; which 
assumption, filtlion-li oiinvct. is liie sul j'.Vt of :Mi or proof in t'iie thirteenth 
proposition, ami on.iflit net f I: -re fore to hnvc- I cm ^'iticinatcd. The cunu- 
as jivrii aluve is so expressed as W remove this objection. 



PROPOSITION XII. 
Theorem. — If the circumferences of two circles (ABC and 
ADE) touch each other externally in any point (A), the straight 
line joining their centers shall pass through that point. 

Demonstration 1 . Find the 
center F of the circle ABO (a), 
and the center G of the circle 
ADE (a) ; join F and G with the 
straight line FG, and, if it be 
possible, let it not pass through 
thopointof contact A -join&F 
and AO. Then in the trianglo 
AGF, AF and AG arc greater $< { % 

than FG (ij; but AF is equal (c) I. Def. 15. 

to FO (e), and AG is equal to 

DG (c), therefore FO and DG are greater than FG, the part greater 
than the whole, which is absurd ; therefore the ftraC/ht line joining 
the centers F and G does pass through the point of contact A. 

Scholium. From the tu-o prcce liurr pm-inpitions it appeal* that if the 
circumferences ci" f.vo circii.s -.audi each ot ! i . ; r. tin 1 di-.daucc Lct-.'.-ec,-. tii-ir 
centers is equal to the sum or difference of the radii of those circles ac- 
cordii:_- the (dreumferene..; of one circle touches that of tile other 

externally or internally. 
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PROPOSITION XIII 
Theorem. — If the circumference of one circle (EBF) touch 
Hie circumference of another circle (ABC) either internally or 
externally-, there can only bo one point of contact. 

Demonstration. For, if it be possible, 
let the- circumference of the circle EBE 
cut that of the circle ABC internally in 
the two points B and D; then find the 
centers H and G of the tuo circles (a), draw 
the straight line Oil joining them, andpro- 
duce it until it passes throiir/k the poiiU of 
contact D(B);join 1511 and BG. Then in 
the triangle BGII, BG and GH are greater 
than BH (c), but BH and DH are equal (d); 
therefore BG and GH are greater than DH ; 
take from each the common line GH, and 
BG is greater than GD ; but they are also 
equal (if), which is absurd; therefore the 
circumferences of the two circles cannot touch 
in more than one point. 

But if the straight lino drawn through 
the centers G and II passes through hoth 
points of contact B and D, it must be bi- 
sected in G, because B'l is equal to GD (d), 
and also in II, because BU is equal to 
HD (d), which is absurd; therefore tlie 
circumferences of the two circles cannot touch 
in more than one point. 

Next, if it be possible, let the 
two circumferences ABO and Elifc' 
touch each other externally in 
the two points B and D ; find the 
centers G and II (a), draw the 
straight line joining them and 
passinq t/irour/h one of the points 
of contact® (j), and join BO and 
BH. Then in the triangle BGH, 
BG and BH are greater than 
GH (e) ; but BG is equal to DG (<*), 

and BII is equal to DH (d), therefore BG and BH are equal to 
GH (J ) ; but BG and BH are also greater than G II, which is absurd ; 
therefore the circumferences of the ttvo circles cannot touch in more 
than one point. 
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PEOPOSITION XIY. 

Theorem. — [1] If tico straight lines in a circle (AB and CD) 
are equal, they are equally distant, from the center ; [2] and if 
straight lines {AB nnd CD) ate equally distant from lite center 
they aro equal. 

Construction. Find the center E of the 
circle ABDC{a),a;vl from it<h<tv> WandY.Q 
perpendicular to AB and CD (p); join AE 
and CE. 

Demonstration. [1.1 Because the straight 
line EF drawn through the center of "the 
circle is perpendicular to the straight line 
AB (c) which docs not pass through the 
center, it bisect? it it!.), the:-d'(.:-e AF l.- w-i-A 
to FB, and AB is double of AF; and for the 
sauie reason CD is double of CG. But AB is 
equal to CD (e), therefore AF is equal to CG. 
Then because AE is equal to CE {/), the 
square on AE is equal to the square on 
CE (y); but because AFE is a right angle, 
the squares on AF and l'K arc together equal 
in area to the square on AE (/(); and because CGE i = 
the squares on CG and GE are together equal in area 
on CE (A); thercf.ro the square on AF and FE ar< 
squares on CG and GE ; but Urr.'.^e A i- c.|'.i:il lo V' • , the 
on AF is equal to the square on CG ; therefore the rem 
squares FE and GE are equal, and therefore the straight lines FE 
and GE are equal (i); but straight lines are said to he equally 
distant from the center of a circle when the perpendiculars drawn 
to them from the center are equal; therefore AB and CD are 
cpmlbi distant from the center cf the circle. 

[2.]' Because AE is equal to' CE (/). the square on AE is equal 
to the square on CE (?); and because EE is equal to EG (e), the 
square on FE is equal to the square or, EG (f); but because AFE 
is a right angle, the squares on AF and FE arc together equal in 
area to the square on AE (/(); and because CGE is a right angle, 
the squares on CG and EG arc together equal in area to the square 
on CE (A.); therefore the squares on AF and FE are together equal 
in area to the squares on CG and EG. Take away from these 
equals the equal squares on FE and EG, and the remaining 
squares on AG and CG are equal (A), and therefore the lines AF 
and CG themselves are equal (t); but because the lines FE and 
EG bisect AB and CD (d), AF and CG are halves of AB and CD; 
and. since AF and CG arc equal, their doubles AB and CD are also 
equal (0- 
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ScttOiJUV. It will bo seen that the. f >t -rs ■"■me consists of two proposi- 
tions tlio converse of each other. They :\re here sepuruteh- distmguiiheJ 
and demonstrated. 



PKOPOSITION XV. 
Theoreu.-^-.T/ straight lines be drawn in a circle, of which 
one (AD) passes through its center, [I] that line is the greatest; 
[2] and of all others, that which is nearer to the center (BC) 
is greater than (FG) the more remote; [3] and the greater 
(BC) is nearer to the center than the less (FG). 

Construction. Find the center E of the circle 
ABCD (a), and from it draw EH atvi EK per- 
Pendundar to BC and FG (6); join EE, CE, and 

Demonstration. [1.] Because AE is equal 
to BE, and DE to CE (c), AD is equal to HE 
and CE; but in the triangle BEG, BE and CE 
are greater than BC (d), therefore AD is greater 
than BC. 

[2.] And because BC is nearer to the center 
than FG, EH is less than EK (e)j but, as was 
demonstrated in the preceding proposition, BC 
is JouUcof l!H,:i!id FG doubluof FK,nud the 
squares on YM, III! ;irt; toother l". ( u:sI in itrua to Use squares o'i 
EK, FK, of which the square on lill is less than the square on EK, 
because EH is less than EK ; therefore the square on BH is greater 
than the square on FK, and the straight Hue BII greater than FK ; 
and therefore BC is //ratter than FG. 

[3.] Because BC is greater than FG, BII likewise is greater than 
FK; but the squares on BU and EII arc together equal in area to 
the squares on FK and EK, of which the square on BH is greater 
than the square on FK, because BII is greater than FK; therefore 

i square on EH is less than the square on EK, and the straight 




(a) m. 1. 

hi i. is. 

(J) I. 20. 
CO III.Pef.G. 



ScnoLtDii. In the aliovc proposition we linvc >v.'c.,-l Simeon's demon- 
stration, which differs from Euclid's, for llio purpose of more eorrcctly 
proving the converse of the second theorem, The |.ro|«\-ilioii, as it stands 
above, consists of three distinct theorems, the hypothesis in each being the 
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PROPOSITION XVI. 
Theorem. — [1] If a straight line be drawn from the extremity 
of tlie diameter (AB) of a circle, perpendicular to the same, it will 
fall without the circle ; [2] and if any straight line be drawn from . 
a point between that perpendicular and the circle to the point of 
contact, it will cut the circumference of the circle. 

Deaionstratioh. For, if it be possible, 
let CA be perpendicular to BA, and meet 
the circumference of the circle again in C," 
and join CD. Because in the triangle CD A 
the side CD is equal to AD, therefore the 
angles ACD and A are equal (a); but A is a 
right angle (5), therefore ACD and A arc 
two right angles, which is impossible (c); 
therefore the straight line dmirn from, A per- 
pendicular to AB does not fall within the 
circle. 

[2.1 Let EA be perpendicular to AB, and, 
if it be possible, let FA be a line drawn from 
the point F between it and the circle, which 
does not eut the circumference of the circle. 
Draw DG perpendicular to FA (d). T-hen in 
the triangle DAG, because the angle GAD 
is le3S than DGA, the side DG is less than 
DA (e). But DH and DA are equal (/), 
therefore DG is less than D1I, the whole less 
than a part, which is absurd; therefore no 
Straight line cm. be drawn from a point between 
tlteperpendic'd ir and the rirch-. which shall not 
cut the circumference of the circle. 

Corollary. Heace it is manifest that the straight line which 
is drawn at right angles to the diameter of a circle from the 
extremity of it, touches the circumference of the circle, and that 
it touches it only in one point ; and further, that only one straight 
line can touch the same point in the circumference of a circle, 

Scholia- 1. In the Greek tnxt rui'l tins I.ritin tnmsliitions the following 
is added to the enunciation of this proposition, namely, " That the angle 
■iietween the dLuiuUT itsjc! drcinaiLTt.-ii.^ is praitor tim:i any rectilineal 
Anglo; and that llio ;m;-lo Luuuvri [tin circ-inull.-rviiee :unl tangent is less 
than any iTHiliiira! ai:,'!,'.'' This hits hecn oiniitv'd brciansc it involves the 
u-sjA'hich have tjci.-i: i-.v.;::.\ha"; r.v ii^nv as nut h.jn.o- 
If ofno use. 




CjQLDtflS. 



on any recti I 
■mparison of qui 
us, and is m 
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2. The foregoing proposition consists of two per- 
fccth- liiitiiict ihcoroiiis; the first inay be directly 
proved as follows:— 

Let AC be perpPiriicHhi!- to All ; !:ik* nnv noint V, 
in AC, and join DE. Then because DAE is a right 
tingle, the angles L) A and DKA me together equal 
to a right angle (a), therefore the angle DEA i= k--s 
than it right ringlc; and Iw'causi; in I lie triangle DAK 
the angle DEA is less than DAI;, the side DA is Iwa 
than DE (ft) ; hut DF is equal to DA (c), therefore 
DF is less than DK, anil the point V. is without the 
circle, and thcrtila-e Me r.-hoic line AC i'j kU/ivuI the 

3. By means of this proposition it may be shown 
thiit any litu'iiv iii:ifriii;'.iilo is (."ij'i.ijlu of b- lj .l-- infi- 
nitely divided: for let CA ho perpen- 
dicular to AB, take any point C and 
join CB; then if AB U- produced, 
any number of points, as E, F, G, Sec, 
may ho taken in tho produced part, 
from each of which a circle may he 
described through tho point A; and 
since two circles can only touch in 
one point, none of those circles shall 
moot again, but will cut the line CB 
each in a different point, and the lino 
is ::u;iefore it'.1U:i;t:1y divisible. 

■i I'ru:n p-opij-iciin; it is i;vii"«':it 
that tlia straight line which makes an 
acute angle with tho diameter at A, 
howover great, must meet tho circle 
again. 

Corollary 1. If tangents (AB and AC) are drawn 
from the same point to a circle, they Are equal to one 
another. 

For in tho triangles DAB and DAC the side BD is 
equal to DC (n), the side AD common to both, and 
the angle B equal to the anglo C, being both right 
angles (ft), thercforo theromaining sides are equal (c), 




Corollary 2. If tangents (AB and CD) are at 
the extremities of the tame diameter, they axe parallel 
to one another. 
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PROPOSITION XVIL 
Problem. — From a given point, either without a given circle 
or in its circumference, to draw a straight line touching the 
circumference. 

Solution. Let A be the given point 
without the circle BCD. Find the 
center E of tlie circle (i), and join Alt; 
and from t/ie center E, with the raditu 
KA. describe the circle AFG; from the 
point I) dr.ite DP perpendicular to 
EP and AB. The 




IV!'. 15. 



Of) L 4. 
(■ 1 Solution. 
(/)IIL 16, cor. 



DESrONSTRATION. 

triangles AEB and FED the side AE 
is equal to FE (c), the side BE to DE, 
and the angle AEF common to both, 
the angles ABE and FDE at the base 
are equal (d); but FD!5 is a right 
angle («), therefore ABE is also a right 
alible, mil! All !o:'ci>: : -< ti-.e die an, ference 
./ tlecirckij). 

But if the given point bo in Ihe circumference of the circle, as 
the point D, draw DE to the center E, and DF perpendicular to it ; 
then DF touches the circumference of the circle (/). 

5c 
two 



i bo drawn from a 



any point Ic . . , 

lines can be fo lirjuvji, tlierd'un? only two tangents C- 
point without a circlo to tliat circle. 



PROPOSITION XVIII. 
Theorem. — If a straight line (DE) touches th 
of a circle, the straight line (FC) drawn 
from the center to the point of contact 
shall be perpendicular to the line touching / 
the circle. 

Demonstration. For if it ho not, from 
the point F draw FBQ perpendicular to 
DE (a). Then in the tikiiirU: FCG, li^cr.ups 
FQC is a right angle, FCQ is less than a 
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right angle (fi), and therefore the side FC 
is greater than FG (c); but FB ifl equal to 
FC (d); therefore FB in greater than FG, 
a part greater than the whole, which ia 
absurd; therefore FG is not perpendicular to DE; and in the 
same manner it may be shown t/iat no other line than FC it perpen- 
dicular to DE. 



PROPOSITION XIX. 
Theorem.— If a straight line (DE) touclies the circumference 
of a circle, and a straight line (CA) he drawn perpendicular to it 
from the point of contact, the center of the circle shall be in 
that line. 

Demonstration. For, if it he possible, _a_ 
let the center of the circle F be without 
iho line CA, and join CF. Because DE 
touches the circle ABO, and FC is drawn 
from the center to the point of contact, 
FC is perpendicular to DE (a), and the 
angle FCK is a right angle ; but ACE is 
;iiso a rifjht unaia {>,); therefore (he an^le 
FOE is equal to ACE (e), the less to the 
greater, which is impossible ; therefore F is 
not the center of the circle; and in the 
same manner it may be shown that no 
.ill ' 



M m. IB. 

(M ![■- i- ili. 
CO Ax. 11. 



Couoi.t.ap.y. If the circumferences 
of two circlet {ABC and ADJ.) touch 
cack otlier ia any point (A), they have 
the same tangent at the point of con- 




i. Because FG touclies 
tlic- circle AiiC.a :ni 1.1 A ss penxai'licntar 
toil, the center of the circle is hi BA(o); 
and becanse the straight line lill pfis-cs 
through the center of one of the circles 
and the point of contact, it also passes 
through the center of the other circle 
AHV:((i),:iti!l!licrf!nr.>AI)isrLfiiameter 
of tiiatdrck' ; ais.l Wan*; Rl is rirnv.-;iat i-!:;!.t ar,M.\; tn the rliair.rtcr AT(r), 
it tinrhcs the cilVUl nil !!,.■,■ nl thi; ciri'li; Alii: (/). Til '.')'.. f.n 'J i:u J ; (i 



III. lit. 

> III. 12. 

' Hvj.i.Mi. 



it to the circlet ABC and ADE. 
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PROPOSITION XX. 
Theoeem. — If an angle (BEC) at the center of a circle havs 
the same pari of tlie circumference jar its base rts an angle (BAC) 
at the circumference, the former angle is double the tetter. 

Demonstration. [I.] Let one side of tlio 
iingle at the circumference pass through the 
center of the circle. Because in tin: triangle 
AEC the side AE is equal to CE, the angle 
A is equal to C (a), therefore the angles A 

and C are toiret-litr ii< mUe Uie ande A ; but 
the external angle CEB is equal to the 
internal and opposite angles A and C (b), 
therefore CEB, the angle at the center, is double 
A, the angle at the circumference. 

[2.] Let the center of the circle bo within 
the angle at the circumference. Join AE 
and produce it to F. Then the angle BEF 
is double the single BAF (a), and the angle 
FEC is double FAC (c); but if two magni- 
tudes ho double of two others, each to each, 
the sum of the first two is double the sum of 
the other tiro (d); therefore the sum of the 
angles BEF and I'KO, or the v:h'.l<: mu/le BEG, 
is 'double the sum of the angles BAF and FAC, 
or the ickole angle BAC. 

[3.] Let the center of the circle be wi thou 6 
the angle at the circumference. Join DE 
and produce it to 0. Then the angle GEB is 
double the angle GDI! (<:). imd the angle. GEO 
is double the angle GDC (e) ; but if two mag- 
nitudes be double of two others, each to each, 
the difference of tho first two is double tho 
difference of the other two (d); therefore the 
difference of the <u><;Us GICC eW GEB, or the 
angle BEC, is double the difference of the angles GDC and GDB, or 
the angle BDO. 

Scholia. 1. Euclid has only given the last two of the preceding cases. 
Tho whole three are, however, here given to render tho proposition 
complete. 

-■ In the second a:nl thin'. cw* (.it a") K'.idid advene.; [wo pro]:o;:t.i.w.> 
which are really two w<a of :Ihj :n-;t and fifth pruriositions of the Fifth 
Book, and which therefore ought to have been demonstrated. The propo- 
(■i:iij:is nssuii-.ed have b^en in^i.ded :l':jo '■■r, and their proof is as under. 

Let A and B, C and D, hi: fmr wpuln-h .«, mc.h that A is double C, and B 
Is double D; then A added to ii is (iouLie C added to D. 

For since A = C + C, and B = I) 4 D, adding equals together A + B = 
C + C + D + D = (C + D) + (0 + D) = 2 (6 + D). 
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ond Ii . ... 

A and B is double tin' 'Hifer.'iH-e between C and D. 

For since A = C 4. C, nnd Ii = D + D, tnkiuir equals Irom equals, 
«=U + C — D — D = (C — D) + (C — D) = 2 (C - D). 

3. It is here of biipm-tat^ce tu remember the ex- 
tended meaning Riven to die term "angle" in the 
scholium atb.iohed In its il.-!i:iitiun (page 2), and to 
point Out that the twentieth proposition links true 
when 111-! term '';irif;I«'' is so understood. Thus 
when the angle :i* -hr tvnter ; r r . j t!i >■ r= equal '.ij tw-j 
right angles, as tho [shaded] angle CDB, the angle 



GAB £ 



farther increased, go as to exceed two right angles, 
as the [shaded] angle GKH, the angle at the cir- 
cumference GVll may be rendlly shown to be equal 
to it; ti.il; bv fiviiii ;e ; 1;. 1 1 ;ti I!.jv.-i:)i; the 




PROPOSITION XXI. 
Theorem. — If angles (A and E) are in the same segment 
(BAED) of a circle, they arc equal to one another. 

Construct toy. Find the center F of tie 
circle (a), and join FB and FD. 

Demonstration, Because the [shaded] 
angle BFD is at the center, and the angle 
A at the circumference, and they have tho 
same part of the circumference BCD for 
their base, the [shaded] angle BFD is double 
tho angle A (b); and for the same reason the 
[shaded] angle BFD is double the angle E ; 
therefore the <i>uiU A is equal to the angle E. 

Scholia. 1. ffimson diwdes this proposition into 
two cases, namch-. v.-hen the segment containing 
the angles is I*ss tlititi a semicircle, nnd when 
grcnltT; nnd gives .1 separate demonstration to 
each. By taking the term "angle," however, in 
the e.\-b>i;.-le(! s.';isr; e^lnmed ii: li.e .•chuba tu [be 
i:rtce. : ,i:i',- limp .-itiou. tlih . ■ L.-l E - : 1 .:i h;o":r,rs 1 1 ; 1 n. 1 . 

ni'e-siarv, the same deniojiilrutioii applying in both W HI. 2(1. 
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3. This proposition may be demonstrated in a dif- 
ferent maimer by means of toe proposition n-hich 
immediately follows it. 

In the arc lid) take anv point C, and join BC and 
DC. Then Leeau-e the qliadraatoral AliUD is cor- 
t:i[in d in ill" rireV. its .'I jn^ito ati.dcs A and (' art: 
together equal to t ■ ■« ri^iit :i!it^Lc^ (<0i t 
lli'e. qua Irilatta'al KIK'l) contained in the circle, its 
opposite angles E anil C are together equal to two 
light angles: thermae tbo angles A and Care together 
equal to E and (3. From these equals take tlie common 
tingle (J, anil the tmyU A is equal u tlie angle E. 

3. From this proposition '.In derive the following thee 
the locus of the vertiees of all triangles, standing upon 
having the tame vertical aiifdc, is a circular arc. 

A. A practical method of Ue- 
M , !-;ii : :!_- i.:ircii]:ii' ii;-.-s of lsr-e 





road, has ai-o bun |,rn;iu!!i.'il. \ihi,d: i- :"i)Uni:,.-.l 
u[h.[] tliis [irojiositinn. It consi-ts in [l.idu;: ;i 
theodolite at each extremity of the required 



the direction of 
the oilier IS in that of the 
moved 



o, as A mid F 
the tangent AE 
chord AFS. If c: 

in the same directum throu Ii an equal -,.<vi\<\ 
as, lor instance. A lliron^ti the angle EAC, 
and 1( thruiiah [In' c |'iai :iil; : ;c AISC, the. point 
of it'.ter-tvtiiTi tl i>i' their axes '.■.ill Ik: a ])■' ■ 
repeating the operation, and making tl 



Y 



section of their ao 
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PROPOSITION XXII. 

Theoeem. — If a quadrilateral figure (ABCD) is contained 
within a circle, its opposite) angles are together equal to two 
right angles (ABC and ADC, or BAD and BCD). 

Construct ion. Join AC and BD. 

Dejionstrattos. In the triangle CAB the 
three angles ABC, BCA, and CAB are equal 
to two right angles (a); but the angle CAB is 
equal to the angle 1SDC, being both in the 
same segment BADC (*); and the angle ADB 
ia equal to the angle BCA, being both in the 
same segment ADCB; therefore the whole 
anjile AIM; is equal to the angles CAB and 
BCA; (o each of these equals add the angle 
ABC, and the angles ABC, BCA, and CAB are equal to the angles 
ADC and ABC; but the angles ABC, BCA, and CAB are equal to 
two right angles; therefore the angles ADC and ABC are together 
eaiud to t'.to right angles. And in the same manner it may be proved 
that the angles BAD and BCD are together equal to two right angles. 

Scholia. 1. Another ii ml ra.Mcr uciunu.lratLnn may be given of this pro- 
position, derived l'iv, 1: -, (lie twentieth ;.n>: '■.fill- >n. in 0.i<: ibTlmvliii.' maimer:— 
This proposition being thus proved without reference to the twenty-first, 
mipht Ik ; '1:, <■..-■■ .1 bti'i/n it. and the 'iv;m_v-lirst then 
]rt-')vml from II in llui ii..u:i;-.-i- nlsuv.-r. in tin: n;:h'jli;l te 
... position. 

DE. The angle 

BCD at the circumference (fi), and the [shaded] angle 
BED is double the -m^U: HA!) (/,)■ therefore both the 
angles at the ecsih-t L e.r; vy.:;-hi-? equal to double the 
angles BAD and BCD; but both the angles iit the center 
are together equal to lour right angles (e) ; therefore the 
angles BAD anil J1CD «;■<> l, :r -h,f ci/ital to two right 

that the angles ABC and ADC are together equal to 

Corollary 1. Theorem. If one side (AB) 
rj '■' 'jMitHtttlentl figure (AliCD) contained 
t-iriti'i ti cin-U !<•■■ pn .lucid. LLo sterna! an^ie 

(cnv.) h vi|ii:-.i M <:■■■!■ m,.-:- (aijc) opposite 

to tlie internal adjacent angle. 

For the opposite angles ADC urn! ARC arc 
to-Oiiicr .q:i:i! !.(> two li.'lit :lll::lit (,,), :u.d 
the angles A1SC and CL'.L are alio equal to 
tv.-o rifiht. asii li'j (i); therefore [he :iij.:U:.i 
ADC and Ai'.C arc together equal to tho 
A;!C :.Jhi C!i!C, :l::(1 -.ikiiu I'l.ili) ouch 
the common ande MIC. '.fie angle ADC is 
equal to the angle CBE (c). 




Di j i z j'j !:■,■ 
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2. Tlie converse of the twi-:i'._y-H>r.'ii,.l proposition is nlso true; namely, 
If a quadrilateral has its opposite angles together equal to two right angles, a 
circle inny he described about it. 



PROPOSITION XXIII. 
Theorem. — If two segments of circles (ACB and ABB) are 
ttpon the same straight line (AB) and upon tke same side of it, 
they cannot he similar without coinciding with one another. 

Demonstration. For, if it be possible, let 
the segments ACB and ADB lie similar without 
(-oiriciiiing. Then because the circumferences 
of the circles ACB and ADB cut one another in 
the two points A and B, they cannot cut in any 
other point (t); one of the segments must there- 



fore fall with 
segment ACB take an; 

JohfcA and DA? 6 Thor 
similar, the angle ACB 




.v ■ »,-,- v" HI- 10- 
r; tnen in the interior (i j ni. De£ 10. 
point C, join BC and (c) ]. ie. 
or segment in 1>, and 
because the segments ACB and ADB arc 
i equal to the angle ADB (6), the external 
to the internal, which is impossible (c). Therefore the segments 
ACB and ADB cannot be similar without coinciding wiik one 



PROPOSITION XXIV. 
Theorem. — If two segments of circles (AEB and CFD) are 
similar and upon equal straight lines (AB and CD), they arc 
equal to one another and have equal arcs. 

Dehohstratioh. For if 
the segment AEB be ap- 
plied to the segment CFD, 

so that the point A be on C, A u L o 

and the straight line AB 

upon CD, the point B shall f„\ jil 23. 

coincide with the point D, \b) Ax. 8. 

because AB is equal to CD; 

therefore the straight line AB coinciding with CD, the A KB 

Si;;;.v' coincid-: villi wrntnl Ci'D (ri), and therefore ir. equal to it (i); 
and the arc AEB miist coincide with the arc Cfc'D, and be equal to it. 

Scholia. 1. This proposition is proved by the method of superposition. 
The equality of the arc-; is not Fluted by Euclid. 

2. Since if the circumferences of two drdeH colnd.l.' in more than two 
points, they must coincide in every part, it follows that similar segments on 
equal chords are parts of equal circles. 
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PROPOSITION XXV. 
Problem. — A segment of a circle (ABC) being given, to de- 
scribe the circle of which it is the segment. 

Solution. From any point 
li draw two straight lines BA 
and BC; bisect them in B ' 
and F (a), and through K 
and F draw KG and FG per- 
pendicular to AB and BO (6); 
the intersection Gof the per- 
pendiculars is the center of 
the circle. 



the straight line EG bisects 
the chord AB perpendicularly, It passes through the center (c), 



r (c); therefore the center must 



a segment Id luss llian, equal t( 



PROPOSITION XXVI. 
Theorem. — If equal angles (BAG and EDF, or BGO and 
EHF) are in equal circles (ABC and DEF). or in the same 
circle, they shall stand upon equal parts of the circumference, 
•whether they be at the center or the circumference. 

Construction. Bisect the 
equal angles BGC and KHF 
hjthe likes GK aid HL(«), 

K and L ; join KG, LF, AK, 
and DL. 

Demonstration. Because 
the circles ABC and DEF (n) I. 3. 

are equal, their radii are 

equal ; therefore in the triangles GKC and IILF the two sides GK. 
and GO are respectively equal to the two HL and HF, and the 
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angle KGC to the angle 
LHP lb) ; therefore the bases 
are equal (c), KC to LP. 
And because the angle KAC 
ia equal to LDP (6), the seg- 
ment KBAC is similar to 
the segment LEDF (d); and 
they areupon equal straight 
lines KC and LF, therefore 
the segment KBAC is equal 
to the segment LEDF («). 
Thon taking the equal seg- 
ments KBAC and LEDF 
from the equal circles ABO 
and DEF, the remaining s< 
equal (/); and 
and EL a 




H;ppoth. and Consir. 

'l IILDef. 10. 
) III. 24. 
)As. 3. 



ELF. 



aits and their arcs KC and LF are 
it may he shown that the arcs BK 
are equal ; therefore the whole arc BKC is equal to tlie arc 



Scholium. In the enunciation of thi- ;iir>pM:'<m umi some of the fol 
lowing, we have inserted the words " or tbr ■.■■v.-.vc ciivle," because timt which 
obtains in equal Circles must necessarily do bo in the same circle. The 
demonstration at given above, liiii'^:-; from Euclid's ia the given angles 
being bisected. This is done to render tho proof 
applicable when the given angles at the center are 
equal to or greater than two right angles, in which 
case Euclid's proof could not be applied. 



Join AD. Then li.:..:i;u=i; AD meets the parallels 
Ali and CD, tho alternate angles BAD and ADC 
are equal (n), and therefore the arcs AC and BD 
are equal (6). 



Coeollaut 9. TnEoiir.jr. If (wo chorda of a circle (AB and CD) 




(AC and BD) which they intercept, according as the point in which they 
meet is within or wiihont the circle. 

Dram CP parallel to 
AB (a). Then wb 

i he >l":u;'i)t":m-V']> ml',' :i 
the f.vo parallels CF and 
AB, it forms the anglo 
DEB equal to tho in- 
ternal and opposite angle 
DCF(o). Butthen.rc ITS 
is equal to AC (c), there- 
fore FD is equal to the 
sura of the arcs AC and 
DB, and. tin angle BED is 




M I. 31. 
(6) I. 29. 
(c) III. 26, cor. I 
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-■ilo.1 ■•! eii-ctmference by FD, the sum of the 
: 'if iiinv.'-. tiMi i - \>:tbMii i!ie i:i:v!e. h . : ■ i ■ : 1 1 1 ^ (.1 
(■ -v.tj jural !< :-■ !■;!; <: 1', ; : . fi,-]^ :h<<. i'.:n It; 
<1 opposite angle I) Eli (i). But the :in; ill' is 
1 i.- n.-ii.U to d i ili-i-r- : 1 t-o of tiic iircs BD and 
(•riffle FCD, terminated at the circitm- 



egual to the angle FCD, termii 
ares. Again, when the poin; 
llu: straight line ED meets th 
DCF equal to the internal an 
equal to AC (el. therefore Ft 
AC. rll.d (/,-; /In'/'-. UVA1 Is ,"/>:,:! /,. '. 
ference by FD, the difference of the , 

CoitOLi^UtY 3. TnEOnEM. If chords intersect at the same angle, withal 
ami if tlei/ 1 M 

pair intersect irir ; < <.■),(""* 'Ak:r u-tthout the circle, the sum of the one pair 
of ares is eijiial tu [he iii!!ereuee of the other. 

Coiior.t^nr i. Theorem. If two chord* intersect ait&in a circle at right 
angles, the sums of tli'j opposite are* intercepted are equal. 

CoROIURY 5. Theorem. //" n cWtf 0/ (i circle (All) in produced till 
the produced part (liC) is equal to the radhu, and if a line be druvm from iu 
extremity through the cutler if the eire/e. <„ mft the. ewnve circumference, 
the concave poitirri of the drcumreroi'.cc ii:ixi:ijq..[;:d 1' .\ L) is equal to throe 



I! V.ii ji 



ItelU 



and V(j. Ik'faii.-o i-i :oe t)-i:-,u_-ie [SFC the ri-.iu 
i- rqu:,; to i>C. th- angle lli'O i-i -qua] to 
t- ('<) ; and because EC meets the two paral- 
lels AC and KG, the alternate angles E and C 
are equal (c); therefore the angle Rl-'C is 
equal to E. But tho angle CFG at the 
rurilrr is ikit;li!i! ol' trio anriln V. at the cir- 
cumference ('/); lln-rcl'.iro tin: aru/.o L'l'G is 
(Lout.:,.: of 111'.:. To aid I5IV. and tlie 

imslc Bl-'G is equal to three " 



BFC; therefore the a 



1 BG Is 




PROPOSITION XXVII. 
Theorem.—//' angles (BGC and EHF, or A and D) stand 
vpon equal parts of the circumferences of equal circles, or of tlie 
same circle, they aro equal to one another, whether they he at 
the center or the circumference. 

For, if it be possible, let 
one of them BGC he tho 
greater, and at Q on the 
straight lino BG form 
the angle BGK equal to 
HHP {«). Then because 
equal angles stand upon 
equal parts of the circum- 
ference, the arc BK is equal (0) I. 23. 
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to EP (i); hut BO is also 
equal to EF (c); therefore 
BK is equal to BC, the part 
equal to the whole, which 
is absurd; there fore neither 
of the angles HGCand EI1F 
m greater than the other, but 
they are equal; and the an~ 
gles A and D being re- 
spectively halves of tho 
equals BGC and EHF, are 

Scholium. This proposition is tho 




converse of the twenty- sixth. 



PROPOSITION XXVIII. 
Theorem. — If in equal circles, or the same circle, straight 
lines (BC and EF) are equal, they cut off equal parts of tho 
circumferences, the greater equal to the greater (BAC to EDF), 
and the less to the less (BGC to EHF). 

CoNSTitircTios. Find 
the centers K and L of the 
circles ABC and DEP (a), 
ondjoinKB.KC, hE.and 
LF. 

Demonstration. Be- 
cause the circles ABO 
and DEF arc equal, their 
radii are equal {£); there- >?J {"l 1 ,* ., 

fore in the triangle* KBC W ^ f :. 15 - 

and ELF the sides BK 

and KG are equal to EL (e) III. 26. 

and LF, and the base BC 

to EF (c), and the angle K is therefore equal to L (d). But equal 
angles stand upon equal parts of the circumference (e); therefore 
the arc BQC is equal to EII F ; and because the whole circumference 
ABQO is equal to the whole circumference DEHF, therefore the 
remaining arc BAC is equal to EDF. 
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PROPOSITION XXIX. 
Theorem. — If in equal circles, or the same circle, equal pails 
of the circumference (BGC and EHF) are talcen, Ihey are sub- 
tended by equal straight lines. 

Construction. Find 
the centers K and L of the 
circles ABC and DEF fa), 
and join KB, KC, BE, 
and LP. 

Demonstration - . Be- 
cause the arc BGC is 
equal to EHF, the angle 
K is equal to L (b); and 
because the circles ABC 
and DEF are equal, their 1 > c < ] rj 0 f '15. 

radii BK, KC, and EL, (J) I. 4. 

LF, are equal (c); there- 
fore in the triangles KBC and LEF the base BC it equal to EF (d). 

Scholiusi. This proposition is the convene of the twenty- eighth. The 
four preceding propositions may be united, and nil expressed under the fol- 
lowing more general form:— 

TnEORKM. If in equal cirri'.', ar the taw cirri?, either of (he five pairs, 
namely, arcs, chords, ant/leu at the center, angles at the circumference, or 
lectors, are equal, the other four pairs are equal. 




PROPOSITION XXX. 

Problem. — To bisect a given arc (ADB). 

Solution. Join AB, and hisect it in C (a) ; 
from the point C draw CD perpcwikular to 
AB (5), and join AD, DB; then the arc it 
bisected in D. 

Demonstration. Because in the triangles 
ACD and BCD the side AC is equal to BC (c), 
the side DC common to both, and the angle 
ACD equal to BCD (rf), the base AD is equal 
to BD (<;); hut equal straight lines cut off 
equal arcs (/), therefore tlie arc AD is equal 
to DB, and the are ADB it bisected in D. 
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Find the center E of the 
■cle BAC (a), join AE, and produce BA 



PROPOSITION XXXI. 

—If in a circle [1] an angle (BAC) be in a semi- 
circle, it is a right angle; [2] but if tlie angle (ABC) be in a 
segment yreatcr than a semicircle, it is less than a right angle ; 
[3] and if the angle (ADC) be in a segtnent less than a semicircle, 
it is greater than a right angle 

Com 

to P. 

Demonstration. [1] Because in the tri- 
angle BAE the aides BE and AE are equal (S), 
the angles B and BAE are equal (c); and in 
the triangle EAC, because the sides EA 
and EG are equal (i), the angles EAC and 
EGA arc cqut.l (r); tiitrefbu; :ho whole nn^lc 
BAC is equal to the sum of the angles B and 
BCA, But the external angle PAC is also 
equal to the internal opposite angles B and 
BCA (d); therei'ore the tingle L'AC is equal to 
BAC, and they are each' equal to a right 
angle (e). 

[2.] And because the two angles B and 
BAC of the triangle ABC are together less 
than two right angles (/), and BAC is a 
right angle, B must be less than a right angle; therefore the angle 
in a segment ABC greater than a semicircle is less than a right 

<ln ^S la the segment ADC take any point D, and join AD and DC. 
Then bocause ABCD is a quadrilateral figure in a circle, any two 
of its opposito angles are equal to two right angles (g); therefore 
B and V are together equal to two right angles. But B is Ies3 
than a right angle ; therefore D is greater than a right angle ; and 
therefore t!ie angle, in, the. .segment ADC less than a semicircle is 
greater than a riglit angle. 




night to easily proved from the twentieth; 



Scnor.TA. 1. This propoait 
for since the angle at the cen 

the alible at the uiruumferei 

manner, in it segment greater or las than 3 semicircle, as the angle at the 
center is less tlian or greater than two right angles, so is tba angle at the 
circumference less than or greater than one right angle. 
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; of this proposition is true, 

namely:— Tlia t If mi anfr. m 11 segment is less than, 
equal to, or greater than a right angle, tho segment 
is IfreaUn- tii:iu, fi[iE;i! io. tiuiii a sernioii-i'le. 

If the hypotenuse of n rylir-iindej triangle ABC 
be bisected in i>. and from I) ius n center a circle 
be described with the radiu = All. it will pass through 
each of the angles of the trinnglo A. B, and C. 



Corollary I. Theorem. If a circlebedescrib 
on tlie radius tf.itn.tiier , (Al'.C), and a strait 
line (AC)Se draa-n fn.,i, the. p;in> (A) in v hkl. th 
meet t-i the miter eirenmfruiee, that lino Will be 1 
sccted by the interior one. 

Join DE. Then because ADR is a semicircle, t' 
angle ADE is a right au;_'le («) : uin.l Wiuiuso t. 
nt-ijLi t line DM (ir:nvn from r.ko neuter E is pi 
pendicular to the chord AC, it bisects it (i). 




Corollary 2. Thkoreu. Tffroma point (A.),\cilkin or without a circle, 
two lines be drawn at right angles to each ath, -■. ta ,.t the circumference, the 
sum of the srjtiurr* on thu s.';:oieots (I'.A, CA, DA, una EA) huiin-en the 
point nnd the circumference is equal in area to the square on the diameter 



Thai 



IDE 



septet 



Dliand Eb'areeqiml(&),nnd 
therefore tlie chords Dli and 
EF nro also equal (c). Then 
in the right- a ug ha I triangle 
BAD the sum of the squares 
on AB and AD is equal in 
nren to the square on BD, or 
to the square on its eqv 
EF (rf). And in the right- 
anslcd triangle A EC the su 
of the squares on A 12 and 1 




and the segment FDC a em 1 
nnpk (a). Tiicn in ioc :- i - ': i r - n ; i l; . n > = T trianirle l 1 I- C the .-urn of [he pqnisrea 
on EFand EC is equal in urn to the ^paire on the diameter FC (d); but 
the sum of the squares on EF and EC is equal in area to the sum of the 
1, AD, AC, nnd AE; th.-yiiiuf the. S'juura an the ..llana-'.n- VC. is 
to Ike sum of the squares on the segment* AB, AC, AD, ami AE. 



squares oi 
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CohOLI-Ary 3. Problem. To draw 5 line 
through the extremity of a given line (Alt), 
perpendicular to tlie snmo. 

from any point C without the given line, and 
with CB as a with;*, ■bevri'i,-: a c'xrdi- evMiiu: Aii 
I'll ;i l jfii'ji DV, miil />;'.-. n'vCi III,: /i;j,: i; ml thr nr. 
eumference of the circle in E; dram BE, and it 
wilt be thepcrjH>\<!irnl,ir r r .pilrfd. For the angle 
Dlii:, being in the semicircle KBD, is a right 
angle (o). 



Corollary 4. Proolkh. To draw a tangent 
from a given point (A) without it. 

Find the center Y..of thr. ,,icr.n circle (a), 
and j'lin AY.- vp,,n A!\ n diameter, describe 
the circle A I'D, citttinq the circumference. »f the 
given circle in V ami D: j:-vi A D ami AY; then 
t»ilh A i > usitl AY ii,".' t'iniji ji'.j tn the pii-en ain-l: 
for join YE and LVE; then because tLe line AE 
Insects the circle AFD, both the angles F and 1> 
are in semicircles, and are therefore li- ht, 
angles (i). From the solution of this pro- 
position it is evident two tangents can bo 
drawn from any point without a circle to the 



(a) HI. 31. 

> a given circle (DBC), 




PROPOSITION XXXII. 
Theorem. — If a straight line (EF) touches a circle, and from 
the point of contact (B) a straight line (BD) he draicn cutting the 
circle, the angles (EBD and FBD) formed by this line mid 
the line touching the circle are equal to the angles (BCD and 
BAD) in the alternate segments of tho circle. 

Demonstration. If 
the line BD is drawn at 
ri.^it angles to tho line 
EF touching the circle, 
it passes through tho 
center (a), and bisects, 
the circle ; therefore the 
angles A and C, hcing 
in the semicircles BAD 
and BCD, are right an- 
gles (6), and are equal 
to the angles EBD and 
FBD (c). 
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But if BD is not at 
right angles to EF, let 
AB be so drawn ; then 
because ADCB is a 
semicircle, ABB is a 
right angle (b), and the 
other two angles A and 
DBA of the triangle 
DAB are together 
equal to a right an- 
gle (d), and therefore 
to the angle FBA, 
which is also a right 
.ingle. From these equals taking awny the common angle DBA, 
the remaining anyles A and FBD arc equal. Again, in the quadri- 
lateral figure ABCD, the opposite angles A and C are together 
equal to two right angles (e); but the angles EBD and FBD are 
also together equal to two right angles (/); therefore the angles 
A and C are equal to the angles EBD and FBD; and taking 
away the equals A and FBD, the remaining angles C and EBD 
are equal. 

Scholium. The first c.isc considered nlrave. namely, that in which tho 
/me BD is drawn at right angles to the touching line, has been usually 
omitted in the Element*. 

CoBOIXAET. Theorem. If lino 
thr.iw;h the pain! of i;,nlm-l. (A) nf'tie: 
of which (EC and DK) arc parallel. 




Through the pr.iut of a -atari A ,7rnw the ttmyml VC. (ii) III. 32. 
\\\\r-\ OH'- i/hs.I: U w!'.i]i:i Ik" i'lke:\ \]\r an_-Ls A DM !<n:L (b ) !.;?!. 
AiiC arc eudl cq-j:ii to'.:;: a;i-]i: (.'AG (■•'); t^r..:nr( :!nn- (■:-) I. l.'i. 
are equal to eadi uther: tln-n lu-rsui!"' tli's *;rai .-lit liafi A[i (d) 1.27. 

) :ts -he t%vo Mraiirh: lines DK and ISC. :ind tonus tha 

external angle ADK iv.uat tu tlm internal opposite angle ABC, Hie luia Knee 
I >{■'. '-'a! IKJ nr,: /■ m-e.il i (!i). A n u:i. when each elicit; is wil limit llie other, 
tin; :\nj;Ly- (J AC iLL.i KAK an; vert ieal. the.-,- an; ■ ■■iii.il (V) ; bi;; tiio 
flin;le CAG is equal to 11 («), and the ai:;;ie D Id K A !■' (it); therefore tha 
angles IJ and I> art: equal ; ami hwaii.-e ike Ptvaiaht iini; L>!i, meeting the 
T.'/i> straight lines IID and ISC, forms the alternate angles B and D equal 
the (too Una ED and BC are parallel (J). 
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PROPOSITION SXXIIL 
Problem. — On a given finite straight line (AB) to describe* 
a segment of a circle which shall contain an angle equal to n 
given rectilineal angle (C). 

Let the given angle be a right w — 
angle;- 

Solotion. Sited AB m F (a), and / \\ 

from the center V, with the radim AF, / \\ 

describe the semicircle AIIB, and it will ^- . >j 

be the segment required. ^ ^ 

Demonstration. For the angle I£ (6) in. 31. 

in the semicircle AHB is a right 

angle (i), and the given au^le is a rip** ""Ib- flwwsfV™ ihrmviU 
in the segment AHB t* equal to the giv 



If the given angle be not a right a 




Solution. At the point A. in the strtti/i'ttUne (<0 I- 

AB form the angle BAD equal to the given (<*) J- 

angle C (c), and from the point A draw AB fAnr'iG cor 

perpendiexdo.r to AD (d); bisect AB til F {a), (3) III.' 32.' 
and from. F draw FO perpendicular to AB (d); 

then froM t!u> aider G, with the rndius OA, 

describe tJie circle AliEII, and join GB ffnrf BE. Then the segment 
AHB shall be upon the given line AB, dftrf .(/«r# contain an angle 
equal to the given angle C. 

Demonstration. Because in the triangles AFG and BFG tho 
side AF is equal to BF, the side FG common to both, and the 
angle AFG equal to BFG, the base AG is equal to GB (e); there- 
fore the circle AHE, described from G as a center, with the radius 
GA, shall pass through the point B ; and because from the point A, 
at the extremity of tho diameter AE, AD is drawn perpendicular 
to AE, therefore AD touches the circle (/); and because AB, 
drawn from the point of contact A, cuts the circle, the angle DAB 
i3 ea.ua! to the angle in the alternate segmout AHB (j); but the 
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angle DAB is equal to the angle C; therefore the angle in the 
segment AHB is equal to the angle C, and it is upon the straight 
hne&B 



PROPOSITION XXXIV. 
Problem. — To cut off from a given circle lA.BC) a segment 
which shall contain an angle equal to a given rectilineal 
angle (D). 

Solution. Draw the straight line 
EF, touching the circle ABO in the 
point B (a), and at the point B in the 
straight line EP form the angle FBC 
equal to the given angle D (*) ; then the 
segment BAC cut off of the given circle 
shall conta in an angle equaito tfie given 
angle I). 

Demonstration. Because tho rjr j 7 

straight line EF touches tho circle (m i >ja 

ABC, juiJ BC 13 drawn from the (c) UL 32. 

point of contact B, the angle PBC is 

equal to the angle in the alternate segment BAC (c); but the 
angle FBC is equal to tho angle D; therefore the angle in the 
segment BAC cut off from, the given circle is equal to ' the given 
angle D. 




PROPOSITION XXXV. 
Theorem. — If two straight lines (AO and BD) cut one 
another within a circle, the rectangle under the segm 
(AE and EC) of one of them is equal in 
area to the rectangle under the segments 
(BE and ED) of the other. 

Demonstration. [1.] Let the two lines 
intersect in the center of the circle; then 
since AE, EC, BE, and ED are ;ill equal (a), 
the rectangle under A K and EQ must oe equal 
to t/ce rectangle under BE and ED. 
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[2.] Let one of the given lines AC pass 
through the center, and the other not; Jind 
tlte center F of the crcU (h), and join DF and 
BF. Then in the triangle FBD the rectangle 
under BE and ED is equal in area to the 
difference of the squares on BF and FE (c), 
that is, to the difference of the squares on 
CP and FE; then because AE is equal to 
the sura of the two lines CF and FE, and CE 
is equal to their difference, the rectangle ^ nT j 
under CE and AE is equal in area to the > c s n. c. cor. 2. 
difference of the squares on CF and FE (d); fd) 1L 5, cor. L 
therefore the rectangle under BE and ED is 
equal in area to the rectangle under CE 
and AE. 

[3.] Let neither of the given lines pass 
through the center ; find the. center F (//), and 
through E and V draw the diameter HG; then 
the rectangle under HE and EG has just 
been shown to he equal in area to the rect- 
angle under AE and EC, and also equal in 
area to the rectangle under BE and ED ; 
therefore the rectangle under AE and EC is 
egual in area to the rectangle under BE 
and ED. 

Scholium. fly a modification in tho principle of demonstrating tho 
second cute, it it untie to iudndi: tlu ae.entui and third cases of Sim son, and 
thus reduces the whole number of oases from four to three, and greatly 
nhriiiges tho proof. 





PROPOSITION XXXVI. 
Theorem. — If from a point (D) without a 
circle two straight lines be drawn, one of which 
(DA) cuts the circle, and the other (BD) touches 
it, the rectangle under the whole line which 
cuts the circle (DA) and the segment with- 
out the circle (DC), is equal in area to tho 
square on the line (BD) which touches it. 

Demonstration. [1.] Let the line DA pass 
through the con frr ]-;«(' the circle, and join KB; 
then m the right-angled triangle DBE the 
square on BD is equal in area. to the difference 
of tho squares on DE and BE (a), or to tha 
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DE and CB, and DC is equal to their difference, the rectangle 
"nderDA and DC is equa.1 in area to the difference of tlie squares 



on DE and CB (J); therefore the ^u-.ir.f 
the rectangle under DA and DC. 

[2.] If the line DA does not pass through 
the center, find the o ntw E {■:), and join EA, 
EB, EC, and ED. Then in the isosceles tri- 
angle ACE the rectangle under DA and DC 
is equal in area to the difference of the 
squares on DE and CE (d), or to the dif- 
ference of the squares on DJ3 and ED; but 
in the right-angled triangle DEB the square 
on DB is equal in area to the difference of 
the squares on DE and EB; therefore the 
square on DB is equal in area to the rectangle 
under DA and DC. 



Corollary 1. Theorem. If from a point (A) 
without a circle Uco straight lines (AB ami AC) he 
drawn cutting it. tin it<;mrp:!c; nn-i?r the whole lines 
and the pirts of them without lite cinili: urjual i» 
area to one another (AE nnd AB to AF and AC). 

For each of them is equal in area to the straight 
line AD drawn from tho samo point to touch the 
circle (a), and therefore they are equal In area to one 
another 



BD it eqtwtl in area to 




(a) III. 36. 

Corollary 2. Theorem. If the rectangles under the Moments (AE, EC, 
nnd lit, ]■,!>), made, by tin: iW-rfrrt™ „/' the ,!.;^ T .,n.ds of a quadrilateral 
figure (ABGD), are egttat in area, or if tlte rectangles under the segments 



Describe a circle passing through throe of the («) Theor. attached 
angles A, B, and C of the quadrilateral (a), then to Hi, L 
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i III. .ir.,(.r Gil.c 

AE and EC i- equal in arm t n I hi? I'l-ulangle under 
)!)■: ami Y.V (b): hit tiii- niun;:!r n:nl -r All :ir; ( l Kf i< nUo i-qual in arvn 
to the rectangle mulcr 1!K ami i 1 ! i) 00 : tlierefV.rc the rectangle under BE 
and EF is equal in jirt-:i In tie.' rcctaii^e uml.a I'.l', mnl HI), tlie [ess equal to 
the greater, which is ab uni; therefore the circle patia through the fuur 
angles of the qundrilateralfigure ABCD. 



PROPOSITION XXXVII. 
Theorem. — If from a point (D) without a circle two straight 
lines be drawn, one (DA) cutting ilie circle, and the other (DB) 
meeting it, and if the rectangle under tfte whole line which cuts 
the circle, and the part of it without the circle (DA and DC), be 
equal in area to the square on the line (DB) 
which meets it, that line touches the circle. 

Construction. Draw the straight line DE, 
touching the circle (a), find the center F of the 
circle (6), and join FB/FD, and FE. 



.... Then the rectangle under 
DA and DC is equal in area to the square on 
DE (c); hut the rectangle under DA and DC 
is also equal in area to the square on DB (d); 
therefore the square on DB is equal to the 
square on DE, and DB is equal to DE (e); 
then in the triangles FBD and FED, because 
the side DB is equal to DE, the side BF to 
EE,, and the side DF common to both, the 
angle B is equal to the angle E (/) ; but the 
angle E is a right angle (g), therefore the 
angle B is a right angle and the straight line 
DB meets the circle (A). 
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I. 11, cor. 
L13. . 



). 16,oor.2.. 
L 16, cor. 1.. 



1. 13, c 



■.2.. 



If two lines be straight 

If a straight lino standing 
upon another forms angles 
with it. 

If two straight lines meet 
another striLi^lit line at the 
same point and on opposi' 
6icics, and make the a 
jaccnt angles with it t 
gcthcr equal to two right 
angles. 

ffuvustrni-htliiieshou'rs 
from any point to the st 
straight line. 



The j - cannot have a common 
segment. 

They are either two right 
angles, or are together 
equal to two riL;ht aii^L^i. 



The one which i 
cular shall be i 
side of the on 
is the m 



If tl 



light lines in 



If four straight lines meet in 
: same point, and make 

vertical ii.DL'it'S cqil:il. 
stj'ilisjlit liilrs stun'l 



f The four angles which they 
J form at the point of inter- 
1 section are together equal 
to four right angles. 
The vertical angles are equal. 
Each alternate pair of linos 
will form one continued 
straight line. 



loof I 



lother 



All the angles which they 
make, taken together, aro 
equal to four right augles. 
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If I 



B. Of Parallel straight Lino. 
Hypotheses. 



. angle 



both in 
Ami l'ui'ii 

Or form an external angh 
equal to tho internal and 
opposite angle upon the 
same side of the line, 

Or form internal angles at 
the same side equal to two 
right angles. 



If a straight line meets twi 
straight hues po as to make 
the two internal 
tho miic side, together lets 
than two right angh 

If two straight lines a 
allel. 

alio! 
line. 

If two =tv;i]s.-Ul lilies .;<. 
adjaceiitoxtrcuiities . 
equal and parallel straight 



'It forms the alternate angles 

equal to one another, 
And the external angle equal 
to tlie internal and opposite 
anglo upon tho same side, 
And also the two internal 
angles on tho same side, 
Loiiother equal to two right 
angles 



■ TilCi 



traight lines hcinjr 
column iiily produced, shall 
k':!-'.^ "-lu^t upon tli;*.c 
side on which are [lie angles 
which are less than two 
right angles. 

equidistant. 



-They 



arallel to each 



iThey are themi 
j and parallel. 



C. Comparison of TriaiigUs as to Equality. 



f two triangles 
sido of it. 



-They cannot have their sides 
which arc terminated in 
one extremity of that base 
equal to one another, and 
also those which are ter- 
minated in the other ex- 

~ tremity. 
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If two triangles have tiro 
angles in tho one respec- 
tively equal to two angles 
in the other, 

And a side of tho one equal 
toasideof the other, eilher 
the sides adjacent to, or 

. tho sides opposite to, those 
eqnal angles. 

If two triangles have two 
sides of the ono respec- 
tively equal to two sides 
of tho other, 

And have also their bases 

But if tho third side of tho 



iThe remaining angles are 
| also equal. 

("The remaining angles ami 
sides shall be respectively 

J equal to one another, 
I And the triangles themselves 
shall be equal to one »n- 

*• other. 

(The angles formed by tho 
I canal sides are equal, 

ngles opposite the 

f The angle opposit 
greater side is ere 



tho tv.-.i tH.,.i equal to 

And upon the same base 
Or upon equal bases. 
If li'j:UJ;;li.'- are (iquat in :uv.n. 
And upon the same baf.ii, and 

on the same side of it, 
Or upon equal liases in I 

saint; &tr:iL-lit lino, and 

tho same side of it. 



sides, will bo egnalfc 
i triangles themselves 



D. On. tfie Relations between the Sides and Angles of Ibieaujta. 

COSSEQUEXCLS. 



If two straight lines are the 

skies of a triangle. 
If tho difference of any two 

sides of a triangle betaken 
If any two angles 

of a triangle. 



f than 
j It is I« 
} They a 
J two i 



le;s than the third sida 
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L Z2d, c 
]. 18. . 



L 32 a. 
I. 32 c, s 



If one angle of a triangle be 
equal to the other two. 

If one angle of a triangle be 
a right angle. 

If two angles of a triangh 
-re equal. 



If a triangle be isosceles. . 



If a right-angled triangle be 



If a triangle is equilateral. 

If a triangle ia equiangular. 
If ono side of a triangle be 
produced. 



If an exterior angle of a tri- 
angle be bisected, and also 
one of the interior and ~~ 
posito angles. 



If a triangle bo right-angled. 



jThe other two arc together 

1 The sidea opposite to those 
j angles are also equal. 

{The side which is opposite to 
the greater angle is greater 
than the fide which is op- 
posite to the less. 

{The angles at the base ara 
equal to one another. 
rThe angles formed by the 
J produced sidea and the 
| base, below the same, shall 
L be equal. 

("Each angle nt the base i3 
( half a right angle, 
r The angle opposite to the 
1 greater side is greater than 
1 the angle which is opposite 
I to the Toss. 
It- i- tt[u Lingular. 

{Each angle is equal to two- 
thirds of a right angle. 
It i.-i [ liniiateral. 
r Tho external angle ia greater 
j than eicher of the internal 

opposite angles, 
r Tho external angle is cqtial 
j to the sum of tho two in- 
ternal and opposite angles. 

{The angle formed by the bi- 
secting lines is equal to 
half the other interior and 
opposite angle of the tri- 

-The 'square which is con- 
structed upon tho aide sub- 
tending tho right angle is 
equal m area to the sum 
or the squares constructed 
upon the sides which form 

- the right angle. 

'Anv, figure which is con- 
Ftni'.'tfd upon the side sub- 
tending the right angle is 
equal in area to the sum 
or the similar figures con- 
structed upon the sides 
which form the right angle. 
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If parallelograms bo con- 
structed upon two of the 
sides of any triangle, and 
their sides parallel to the 
sides of the triangle be pro- 
duced to meet in a point; 
if a straight line- be drawn 
from that point to the 
vertex of the trianglo, and 



upon the other tiro si< 
' from either end of the 
hypotenuse of a right- 
aii^lcd triangle) parts bt 
cut off equal to the ad- 
jacent sides. 



The square on the middle) 
segment thus formed is 
■ equal in area to twice the 
rectangle under the ex- 
treme segment. 



E. On the Relations of Lines drawn in T-nangles. 



It also bisects the trianglo. 

The sum of the squares on 
the two sides is equal in 
area to double the sum of- 
the , squares on half the 
base and on the bisecting 



of an iio.-ttli-'S ti'ii::);,k 
If a straight line be drawn 
from the -vertex of 
i-o^cks rrii-.:i.c:e to 
point in the base 01 
base produced. 



I angle. 

I It bisects the base, 

[And it is perpendicular to it. 

,-The rectangle under the seg- 
ments of the base is equal 

) in area to the difference 

1 between the square on this 
line and the square on 

V oitber side of the triangle. 

q a 
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any triangle a perpen- 
dicular to the busiibmJrawii 
from the vertex. 



rTIiu di lie re nee of the squares 
on the Bides is equal in 
area to the difference of 
the squares on the seg- 



^ tomato segment. 
("Tliu diJlWviii/c of tli c squares 
■ tlio sides is equal i: 



a to tvrt 



) the r 



(initio 



. If in an isosceles triauglt 
perpendicular to die base 
bo drawn from tlio vertex 

. If in an isosceles triangle 
perpendicular bo draw., 
from either angle of tlie 
baso to tbe opposite fide. 



under the base and the di 
tance of its middle point 
r from the [icrpcndieular. 
It will bisect the base, 
And also the angle opposite 
. to the baso. 

[-Double the rectangle under 
that side and the segment 
between the perpendicular 
and the base is equal in 



( The square on the side sub- 
tending tho obtuse angle is 
greater tlian the sum ot' the 



If in any obtuse-angled tli- 
an; !e the tides which oo- 
tid 11 tho obtuse angle 
produced, and perpendicu- 
lars bo drawn to the a< 
angles. 



If in any triangle a pcrpei 
dicular be drawn to one t 
the sides which contains a 
acute angle, from the oppo- 
site angle. 



other side and its produced 

The squire on the sldo sub- 
tending that acute angle is 
Jess than tho sum of tho 
squares on the sides which 
contain that angle, by 
double the rectanele under 
the side to which' the per- 
pendicular is drawn, and 
the segment between the 
perpendicular and the ncuto 
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If r. 



s tho 



If from (i point within f 

drawn to the extremities of 
any side. 
If three straight lines bo 
drawn through the points 
of bisection of the three 
sides of a triangle. 

Idem 



parallel to tho base. 
■,- are together less tlian 
c sum el' tlie two other 
ies of the triangle, 
And they form a greater 

1 They divide it into four equal 
f triangles. 

fTho three lines are ro^pec- 
i tivclv equal to half the 
[ parallel sides. 



F. Comparison of PamUdogrmm vnlh Triangles. 



If a parallelogram and a tr 
angle bo between the sau 
parallels, 
And upon the samo hose, 
Or upon equal bases. 



Comparison, of ParaUehgrams ag to Equality. 
Hypotheses. 



If two parallelograms liov.i 
an angle of tho 0110 equal 
to an angle of the other. 
If parallelograms avo between 

(he iaine parallels, 
And upon the game base, 
Or upon equal bases. 



isqtw 



neqi 



;:'.] *t 



re constructed 



1 The remaining angles shall 
j bo respectively equal. 



jTheyareequaltooncar 
Their sides are equal. 



H. On the Relations hdween the Sides, Angles, and Surfaces 
ParaUelograMs. 

CONSHQTJESCKS. 



fin any four-sided figure the 

opposite siilcs are canal, 
>r the opposite angles are 



j-it is i 
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If a figure be a parallelogram. 



If n parallelogram have one 
right angle. 

If about [lie diagonal of o 
parallelogram two other 
parallelograms aro formed. 

If parallelograms aro about 
the diagonal of a square. 

If a four-sided figure bo a 
square. 

If the sides of a four-sided 
f.^'iM-e bo bisected, and the 
points of bisection of each 

joined by straight lines. 



[ Their complements are equal 

-Those parallelograms and 
their complements are 
- with the ori- 



ny point to the oppo- 
glcs of a rectangle. 



If a four-sided figure be taken. 



If a parallelogram be taken. 



The opposite sides are equal 
, to one another, 
J The opposite anglosareoiraal 
! to one another, 
And the parallelogram is bi- 

sected by its diagonal. 
Its diagonals hiaect each other. 
■ All its angles are right angles. 



uieir complements 
equiangular with thi 
giiial parallelogram. 

They aro themselves squares. 

All its angles aro right angles. 

Those lines will form a paral- 
lelogram whose area is 
(" equal to half that of the 
J four-sided figure. 
- The sum of the squares on 
the lines to one pair of 
opposite angles is equal in 
area to the sum or the 
squares on the lines to 
tho 



and. 



i of Reck 



y/les contained I 
Segments. 



ares on the lines to 
^ other pair of opposite 

of the squares on 
mu omes is equal in area 
to the sum of the squares 
on !he diagonal!, toL'ethi't 
with four times the square 
on the line joining their 
middle points. 
The squares on the sides arc 
together equal in area to 
the sum of tho squares on 
tho diagonals. 



t Lines and their 



The rectangles under tho 
whole line, and each of 
tho parts, are together 
equal in aroa to the squaro 
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If a straight line- be. rlivi 
into any number of i 



If a stniig'it lino he bisect! 
and also cut into two u 
equal parts. 



If a straight linohe bisected, 
and also produced to any 



■The rectangle under the 

those parts, is equal in area 
to tho square on that part 
together with the rectangle 

■ under the two parts. 
■The square on the whole line 

is equal in area to the sum 
of the squares on the part', 
together with twice tho 

- rectangle under the parts. 
'The sum of the square on 

tho whole line and the 
square on cither segment 
is equal in area to double 
tho rectanglo under the 
-whole lino and that seg- 
ment, together with tho 
square on the other ecg- 

■ The square on the sum of the 

■whole Hue and either sen- 
four times the rectangle 
under the whole line and 
that segment, together with 
the square on the other scg- 

- The sqnaro on the whole lino 

is equal In area to the sum 

segments) 1 together with 
twice the rectangle under 

- each pair of segments. 
The rectangle under tho un- 
equal parts, together with 
tho square on tho line be- 
tween tho points of section, 
is equal In area to the 
square on half the li 



The » 



i of t! 



tho unequal parts is e;]H:d 
in area to double the sum 
of the square on half tho 
* '*-) square or *' 



tho pour 



Tie rectangle under tho 
■whole line thus produced 
and the produced part, to- 
gether with the square on 



a to the 



on the straight lino which 
is made op of the half and 
the prwluceil part 
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If a straight line be bis' 
and also produced t< 



any number of parts. 



If two straight linos be each 
of them divided into any 
number of parts. 



If two straight Hues be taken 



Consequences. 

(The square on the whole line 
thus produced, together 
with the square on the 
| produced part, is eqnal in 
j area to double the square 
| oil half the line bisected, 
'ouble the 



sqnai 



n the st 



made Dp of the 

half and the produced part. 
rThe greater segment will bo 
J cut in the same manner by 
taking on it a jxirt equal to 
tho less. 
The squares oa the sums of 
each of the extreme seg- 
ments taken with the 
middle Figment, together 
with twice the rectanglo 
under the extreme seg- 

the sou a ies on the w hole lino 
and the middle segment. 

The rectangle under the two 
lines is equal in area to 
the sum of the rectanples 
under the undivided line 
mill t.ie several parts of the 
divided line. 

Tho rectangle tinder the two 
liiire is equal in area to tho 
sun of all tho rectangles 
under all tho parts of the 
oie, taken sepur.itoiv v,-ith 
all the parts of the other. 

The square on half their sum 
is equal in area to the rect- 
angle under them, together 
with the square on half 
their difference. 



tho squares ( 



the t 



fThe sum of the squares upon 
each of them is equal in area 
to twice Ihe rralaniile under 
them, together with tho 
square on their uifV'jr-.'iice. 
he sum of the squares upon 
each of titer 



a to ti 



half their 
half their difference. 
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{ThO n 
tree 
MUl 
fere 
the 



ferenco, Is equal in area to 



. If a figure bo rectilinear. . 



I.32b, cor. 8. . 



Consequences. 

/-The sum of all the internal 
angles, together with four 
■i right angles, is equal to 
twice as many right angles 

L as tho figure has sides. 

T All its external angles are to- 



anglcs. 



r equal to four right 



li. Relative to Cirdes generally. 



e circumference of 



If ii slr;ii;:iit Vuv-. bisect 
chord of a circle pel 
dicularly. 

If in equal circles, oi 
same circle, either o! 
five pairs, namely, 
chord.-;, smites at the cc 
smjifles ;it the circun i furoncii, 
or sectors, are equal. 



fA circle may he described 
{ whose circumference shall 



. The other four pairs are equal. 



L.'u i z j'j !:■,■ 
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i of ttraight Lines drawn fro; 
Circumference of a Circle. 



circle, which is not the 
cantor, straight lines be 
drawn to the drcunifor- 



tf a point be taken within 
circle, from which root 
than two equal straight 
lineg can bo drawr *- ' 



nt without si 
t lines bo 
cii'ouuifcr- 



If from a point within a circle 
two straight line.-; be ilnnvii, 
ono or which outs the circle, 
and tJie other touches it. 



CoKSECjUESCES. 

The greatest is that which 
passes through the center. 

The remaining part of the 
diameter is the least. 

That line which is nearer to 
the lino passing through 
the center is greater than 
one more remote. 

And raoro tlian two straight 
Hues cannot bo drawn 
which shall be equal. 

Tin,-.' lines which form equal 
angles with the line passing 
th rough the center are 

That point is the center of 



Of those which full on tho 
concave circumference, the 
greatest is that which passed 
through tho center. 

Of the rest, that which is 
nearer to tho lino passing 
through the center is 
greater than tho more 

But of those which fall on 
the convex circuii'.l'eren^. 
the least is that which, 
if produced, would pass 
through the center. 

Of the rest, that which is 
nearer to the least is less 



angles with the line passing 
til rough the center arc 

The rectangle under tho 
whole line which cats the 
circle and the segment 
without the circle, is equal 
in area to the square on tho 
lino which touches it. 
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If from n point without a 
circle two straight, lines his 
drawn, cutting it. 

If from n point without a 
circlo two straight linos lie 
drawn, one cutting the 
cirtde mid the other meet- 
ing it, and if ihu rccmiifili! 
niider the whole Vhw winch 
nut.- liiu circle, and the part, 
of it without the circlo, he 
equal in area to the square 
on the lino which i *" 



ittheci 



,::!,:!) nth. 



If from any point in 
diameter nf n circle i 
extensions straight lines be 
drawn to the end of _ 
parallel chord. 

If in a circle two straight 
lines cut one another, \vh 
do not both |kiss throi 
tlie center. 



f a straight lino drawn 
through the center o" 
circle bU'Ct a straight 
which does not pais through 
the center, 
And if it is perpendicular to 

If from the middle pi 
finite straight Hn= ,. 
centar a ciielobe described, 
and lines be drawn from 
any point in its circum 
ference to th 
of tho line. 

If a perpendicular bo drawn 
f'om any point in the cir- 
cum I ore nee of a semicircle 
to the diameter. 



rThe rectangles under tho 
I whole lines, and the parts 
*{ of them without tho circle, 
aro equal in area to one 
another. 



.Tho sum of the squares on 
the segments between tho 
point and tho circumfer- 
ence is equal in area to the 
square on tho diameter oi 

■ tho circlo. 
Tho squares on those lines 
are together equal in area 

> to the squares on the seg- 
ments into which the point 
divides tho dhunetor. 



•Theydonr 



;t each other. 

-The rectangle under the seg- 
ments of oi.e of them is 
equal in area to tho rect- 
angle under the segments 

. of the other. 

-It is perpendicular to it. 



the rectangla under the 
SL'trmcn!!! into which it di- 
vides the diameter. 
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tal Contact of a straiglit Line and a Circle. 

COKSEQUEKCEO. 



IliTOIHESES. 

. straight lino cut 



If tangents are drawn Tram 
the same point to a circle. 
If tangents are at the ex- 
tremities of tiio same di- 
ll' -t!-iii! iit : .,- touches the 



J two points. 

L It moots it in only one point. 
j-The straight line drawn from 
I the center to the point of 
< contact shall he perpendi- 
diculnr to the lino touching 
V. the circle. 

|Tliey are equal to one an- 
They aro parallel ti 



1 They 
r oth 



;iii(liLstr:iii:lit)iiir;)..i;ili-ii 
[jn-priiiienl.irtoitfrom i 
point of contact. 
If a straight line he drn 
from the extremity of the 
diameter of a circle, per- 
pendicular to the same, 
And if any straight lino be 



The canter of the circle thull 



•It will fall-without the circle. 



of contact. 
If n circle be des. 
the radius of nnotl 
and a straight lino be drawn 
from the point in which 
they meet to the o 
cumfeienco. 

0. On the mutual Contact of two Circles. 



IS two linos ho the circum- 
ferences of two circles. 

If the circumferences of two 
circles cut one another. 

If the circumferoncc of one 
circle touch the circum- 
ference of another circle 
internally in any point. 



They cannot cut one fino 
in more than two pokj: 
They have not tho s 

|_They have not the a 



"Tho straight line joining 
their centers, being pro- 
duced, shall pass through 
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CONSEQL'ENCES. 

. If the circumforeuce of two ) The straight line joining thei>- 
circles touch each other J- centers shall pass through 
externally in any point. 1 that point. 
If the oircumforenco of " 
circle touch the aire 
fcrence of another ci 
either ictcrually or ez 



P, On the Angles in 
Hypotheses. 

. If equal nngloa arc iu equal 
circles, or in the same 

If angles stand upon equal 
parts of the circumferences 
of equal circles, or of the 

. Ii' audits :\v in 'he same 

meat of a circle. 
. If, in a circle, an nn^lc 

But if the at 1 1 ur f I hi in a 
inont greater than a ! 

And if the an~Ie be in a 
merit lets than a suinic 

t\u haw -ame 



tea^Jt lino 



• They shall stand upon equal 
j parts of the ciivii:iif"n-eneo, 
whether they be at tho 



| They aro equal to one a 



»It is less than a right angle. 



igi» 

) Tho former a! 
f the latter. 



The angles formed by this 
j lino and the lino touching 
I the circle are equal to tho 
angles in tho alternate seg- 
ments of the circle. 



Q. On Segments and their Chords. 



If two segments of circles 
aro upon tho same straight 
line, and upon the same 
side of it. 



"1 They cannot bi 
V out coiucidi 
I another. 
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Hypotheses. 



If two negmcntsof circles are 

similar, mid upon equal 

straight lines. 
If two straight lines in a 

circle are equal, 
And if straight linos are 

equally distant from the 



f straight lines be drawn 
in a circle, of which one 
passes through its center. 



If two chords of a circle meet 



Ifehirdii intersect nt th? 

angle, within a circle, 
And if they intersect without 

the circle, 
But if one pair intersect 

within, and the other i 

out the circle. 
IftivoHioi-iHintn-wcUv 



f, in equal circles, or the 
same circle, straight lines 

f in equal circles, or the 

f (wo ^trjii^ht lines be drawn 
through the point of con- 
tact of two circles. 



the 



minated at the ci renin t'._T- 
dice hy the sum or dif- 
ference of the arcs which 
they intercept, according 
as the point in which they 
meet is within or without 
the circle. 
The sums of the arcs which 
they lespectively intercept 

The differences are equal ; 
The sum of the one pairof arcs 
. is equal to the dhference of 

the other. 
The sums of the opposite arcs 



■ Theycntoffequalpartsoftho 
i circumferences, the greater 
i equal to the greater,and tho 
, less to the less. ^ 

They are subtended by equal 
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R. On Figures contained in Circles. 

CONSEQUKXCF.S. 



[f ono side of a four-sided 
figure contained witlii 
circle bo produced. 

If a four-Bided figure lias its 
opposite angles together 
equal to two right angles. 

If the rectangle under the 

of a four-eided figure, a 

OrT'lL' rectangles nnder t) 
segments, made by pro- 
ducing its opposite sides 
to intersect, are equal in 
area. 



The external angle is equal 
to tlie angle opposite to the 
internal adjacent angle. 

A circle mav be described 



The four-sided figure may 
- have a circle described 



1.10. 
11- 11. 



PROBLEMS. 
. Relating to straight Lines. 



i straight line equal t( 



Twite straight line. 
T:i:-uii.>L a -ivi-n point to draw a s::ai,'ht line i >: i r :ii 1 l-1 to n 

fivesi straight line. 
From the greater of Uco given straight lines to cut off a 

Jari ei]unl to the less. 
To bisect a given finite straight line. 

To divide a given /i.jVe s!n;'; : :',t Km into tii'o parts, so that 
111 n reclniigk' 1 1 r i ; t r Lhe ivholti liae and one wjjtsieiit 
shall be equal iu area to the square on the other 

TOT"""' 



III. 31, cor. 3. . 
I. 32b, cor. C. . 



B. Relating to rectilineal Angles. 
At a given omnt in n given straight line t< 



«U angle. 



pcndieulir to that line. 
Tii lira iv a straight litis: ]>■■:■ iie:i':tt' (o a fn sfivifVii 

line of an wi.mil- J Itinjiii, IV a given paint vithvvt it. 

To draw a strai;l> r , line tlinr.iiji (lie extremity of a given 

at ru bfd jii'r]i!';nl!(;:i]'ir to the same. 
To biiuc; a given Arjkt r.mjk. 
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C. Relating to Triangles. 

Given three f.ni'.:. tlfiinht ii-i(<;, of which any lao together 
am greater than the third, to const i , m;t a trlaiipli; ■.vlm-i: 
,-it'ii-- !..!.' ii '|--. :iv^;- I'j i'-v.: v-'ei 

To construct nn equilateral triauglo upon a given finite 
straight line. 

Any tico sides nf a right-angled triangle being given, to 
find the third side. 



D. Relating to Parallelograms 



Upon a gv?n finite strniyht !:<:■■ to const.i-:ict a p;ii ;ilK:i'- 

gram equal ir ~ 

angle equal tc „ 
To construct a p:u iilLIiigrjiHi rqual in area 10 

nrtitinii:! figure. ;u;d having an anglo cqnal tc 

rectilineal angle. 
Upon a given jtm'te straight line 

grain equal in urea to a gil 

having an angle equal to a giv 
To construct n rcctiuiglo unifei 

lihes. 

Upon a given finite straight line 
To construct a equu.ro equal ill i 

more given iquares. 
To nonstrnct a square equal in n 

given squares. 
To construct a. square equal in 
figure. 

To iiud geometrical values of ^1, t/3, &c. 



) Circles. 
To find the center of a given circle. 

From a given puitit, /ilk. ;• tritium! n given circle or in its 
circumference, to draw a straight lino touching the oJr- 

To draw a tangent to a given, circle, from a given point 



the difference of tm 

o ft given rectiiiimal 



o describe the circle of 



without it. 

To bisect n given arc. 

A segment of a circle being given, 
which it is a segment. 

On a given finite straight line to describe a segment of a 
circle, which shall contain an anglo equal to a given 
tl Vi':i'.- nl angle. 

To cut olf from a given circle a segment which shall con- 
tain an angle equal to a given rectilineal angle. 
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